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CHAPTER 1

Stochastic Calculus

The general setting for Malliavin calculus is a Gaussian probability space, i.e. a proba-
bility space (2,3, P) along with a closed subspace % of L?(€), ¥, P) consisting of centered
Gaussian random variables. It is often convenient to assume that 7 is isometric to another
Hilbert space H, typically an L?-space over a parameter set 7.

1.1. The Wiener Chaos Decomposition

We recall that a real-valued random variable X, defined on a probability space (2, X, P)
is called Gaussian (or, more precisely, centered Gaussian) if its characteristic function @y,
defined by ¢x(t) := E(exp(itX)) is of the form ¢x(t) = 2t for some g > 0. It is well-
known that a Gaussian random variable is either constantly zero (in which case ¢ = 0) or,
else, ¢ > 0 and the distribution has density

1 a2
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with respect to Lebesgue measure dz. In that case, the random variable has finite moments
of all orders, its mean is zero (whence it is called “centered”) and its variance is ¢. A Gaussian
random variable is called standard if it has variance 1.

A family (X;);es of real-valued random variables is called Gaussian family or jointly
Gaussian, if for any n € IN and any choice i1,...,4, of distinct indices in I, the vector
(Xiy,...,Xi,) is a Gaussian vector. The latter means that for any o € R", the real-valued
random variable Y, _; a;X;, is Gaussian.

We now introduce isonormal Gaussian processes.

DEFINITION 1.1.1. Let H be a real, separable Hilbert space with inner product (-, -).
An H-isonormal Gaussian process is a family W = {W(h) : h € H} of real-valued random
variables, defined on a common probability space (£2,%,P), such that W (h) is a Gaussian
random variable for all h € H and, for h,g € H, we have E(W (Rh)W(g)) = (h, g).

If the Hilbert space H is clear from the context, we will also speak of isonormal Gaussian
processes. Given an isonormal Gaussian process, the probability space on which the random
variables are defined will be denoted by (€2, %, P).

We now note some properties of isonormal Gaussian processes.

PROPOSITION 1.1.2. Let H be a real, separable Hilbert space.
(1) There ezists an H-isonormal Gaussian process W .
Now let W ={W(h) : h € H} be any H-isonormal Gaussian process.
(2) The map h — W(h) is an isometry, in particular, it is linear.
(3) W is a Gaussian family.

PROOF. (2) It suffices to prove that # is linear; in that case, it follows directly from the
definition of isonormal process that #  is an isometry. Thus, let h,g € H and A, 4 € R. We
have

E((W(Mh + ug) = AW (h) — uWW(g))”)
= EW(Ah — pg)® = 2XE(W (Ah + pg)W () — 2uE(W (Ah + pg)W (g))

1



2 1. STOCHASTIC CALCULUS

+NEW (h)? 4 20uE(W (R)W (g9)) + p*EW (g9)?
= | Ah+ pgl® = 2X(Ah + pg, h) — 20Nk + pg, g) + A2|B)1% + 22ulg, B) + 12| g2
0.

This implies that W (Ah + pg) = AW (h) + uW (g) almost surely.
(3) For n € N, hy,...,h, € H and a € R", we have, by linearity,

ZakW hi) = (Zakhk)

which is Gaussian by assumption.

(1) Since H is separable, it has a countable orthonormal basis (hg)ren (if the basis is
finite, the proof is similar). Let v denote standard Gaussian measure on R and consider the

infinite product space
(Q, 3, P) (H R, ®B ® )
k=1 =

k=1

By construction, the random variables X, deﬁned by X, ((wk)ren) := wy, are independent
and Gaussian. In particular, they form an orthonormal basis of their closed linear span in
L?(2,%,P). We now define W : H — L?(Q, 3, P) to be the isometry that sends hy to Xj.
Then W is an H-isonormal Gaussian process as is easy to see. U

Let us give some examples of isonormal Gaussian processes.

ExXAMPLE 1.1.3. (Brownian motion)

Consider the Hilbert space H = L2((0,00), %(0,00),\), where \ is Lebesgue measure.
By Proposition there exists an H-isonormal Gaussian process W. Let By := W (1(g4).
Then B; is a centered Gaussian random variable with variance

BB} = EW (L)W (L) = (Log Log) =1

Moreover, given 0 < tg <t1... <tp, =1 <{+s, the functions L 4,5 Lty ,s L(t,045| aT€
orthogonal in H, hence the random variables By, — B, = W(Il(t(),tﬂ), ....,Bt—By, ,,Bi1s—By
are orthogonal in L?(Q), i.e. they are uncorrelated. As these random variables are jointly
Gaussian (Proposition, they are independent. This shows that Byys— B; is independent
of the o-algebra .#; := o(B, : r < t). Thus, the process (B;) is a Brownian motion —
except for the fact that we have not proved that it has continuous paths. However, using
Kolmogorov’s theorem, it can be proved that B, has a continuous modification. We refer
the reader to the literature for a proof.
One often writes

T
/ (8 dBy = W (Lo )

and calls fo t) dB; the Wiener integral of f over (0,T).

EXAMPLE 1.1.4. (d-dimensional Brownian motion)

Consider the Hilbert space H = L2((0,,00), %((0,00), A\; R%). We denote the canonical
Basis of R% by (e1,...,ey), i.e. ¢; is the vector which has a 1 at position i and 0’s at all other
positions. If we put B} := W (1(o4e€;), then the vector By := (B}, ..., B{) is a d-dimensional
Brownian motion, i.e. Bz is a Brownian motion for every j and Bg and B} are independent
for j # i.

Let us also mention, without going into details, a further example which motivates the
abstract setting we consider.



1.1. THE WIENER CHAOS DECOMPOSITION 3

ExAMPLE 1.1.5. (Fractional Brownian motion)
A fractional Brownian motion is a Gaussian process with covariance function

1
cu(t,s) = §(t2H + s2H — |t — 521

where H € (0,1) is the so-called Hurst parameter. The choice H = % yields ci(t,s) =
2

min{t, s} which is the covariance function of Brownian motion.
Let £ denote the step functions on, say, (0,7'). It can be proved that there exists an
inner product (-, -); on & such that

<H(O,t]7 ]1(075]>H = CH(tv S) :
We denote by Vi the completion of £ with respect to the inner product (-, - ).

Then an Vy-isonormal Gaussian process W gives rise, as above, to a fractional Brownian
motion with Hurst parameter H.

The range of the isonormal process W is the subspace .7 that was mentioned in the
introduction. We now begin to study the structure of that space. This will be done using
Hermite polynomials.

DEFINITION 1.1.6. For n € INg, the n-th Hermite polynomial H,, is defined by Hy = 1

and
Ho() = "5 (e—§>

n! dx™

forn>1.

Consider the function F(t,z) := exp(tz — t?/2). Then the Hermite polynomial are the
coefficients in the power series expansion of F' with respect to ¢t. Indeed, we have

2
1
F(t,x) = exp(%—i(x—t)Q)
2 o= 7 A (@12
= ez .
c ;:On! dt™ t=0
o0 o0
(=)™ o2 d™ _:2
= Dt e e Y| = ) " Hala).

We note that the convergence of the series is uniform on compact sets.
Now some basic properties of the Hermite polynomials follow easily:

LEMMA 1.1.7. For n > 1, we have
(1) Hy(z) = Hy1(z);
(2) (n+1)Hpyi(2) = 2Hp(2) — Hp1(2)
(3) Hn(—x) = (=1)"Hp ().

PRrOOF. Throughout, we set F(t,x) := exp(tx — t2/2).

(1) We have %F(t, z) =tF(t,x) =Y o0  t"" H,(z). On the other hand, interchanging
summation and differentiation, %F (t,x) = > 02 t"H (z). Thus (1) follows by equating
coeflicients.

(2) follows similarly, observing that %F(t,x) = (z —t)F(t,x) = Y 2 t"eH,(z) —
"+, (z), while, on the other hand, & F(t,z) = Y0 nt" " H, ().

(3) follows directly from observing that F(—x,t) = F(x, —t). O

We next insert Gaussian random variables into polynomials. Observe that if X is a
Gaussian random variable, then X € L" for all » € [1,00). Thus Holder’s inequality yields
that for every polynomial p the random variable p(X) belongs to L" for all » € [1,00). The
following Lemma clarifies the basic relationship between Hermite polynomials and Gaussian
random variables.
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LEMMA 1.1.8. Let X,Y be standard Gaussian random variables which are jointly Gauss-
ian. Then for n,m > 0, we have

E(H, (X)Hpn(Y)) :{ q.(m(xy))n if ntm

PROOF. Let p := E[XY]. Then p = Cov(X,Y), since EX? = EY? = 1. The moment
generating function of the vector (X,Y’) is given by

EesX+tY _ 6%(t2+52+23tp)

Equivalently, we have

E(exp(sX — s%/2) exp(tY — t?/2)) = exp(stp) .
Differentiating n times with respect to s and m times with respect to ¢ and evaluating at
s =t =0, we obtain
0 if n#m

nlp™ if n=m. -

E(n!m!H,(X)Hp(Y)) = {
DEFINITION 1.1.9. Let W be an H-isonormal Gaussian process. The n-th Wiener chaos
H;, is the closure in L?(, X, P) of the linear span of the set {H,, (W (h)) : h € H, | h| = 1}.

As Hy = 1, the 0-th Wiener chaos J7) is the set of all constant functions, whereas
J4 ={W(h) : h € H}, since Hy(z) = x and since W is linear.
As a consequence of Lemma [1.1.8| we obtain

COROLLARY 1.1.10. Let W be an H-isonormal Gaussian process. Then for n # m the
spaces 4, and H;, are orthogonal.

PrROOF. If g,h € H with ||g|| = ||h|| = 1, then W(g) and W (h) are standard Gaussian
random variables. Moreover, they are jointly Gaussian, as W is a Gaussian family. Thus, by
Lemma m, H,(W(g)) and H,,(W(h)) are orthogonal in L?(2, %, P). This orthogonality
relation extends to the linear hull of such elements and also to their closures .74, and J7,,. O

It is a rather natural question, how the direct sum €, 74, looks like. Clearly, any
element of the latter is measurable with respect to the o-algebra Yy := o(W(h) : h € H).
As it turns out, we have

THEOREM 1.1.11. Let W be an H-isonormal Gaussian process. Then

@ % = LQ(Q7 ZWa IP)
n=0

and this decomposition is orthogonal.

PrOOF. In view of Corollary it only remains to prove that if X € L%(Q, Sy, P)
is orthogonal to @52, %, then X = 0. Let an X € L?(Q, Xy, P) which is orthogonal to
@D, 7, be given. Then E(XH,(W(h))) =0 for all n € Ny and h € H with ||h[| = 1.
Noting that H,, is a polynomial of degree n, it follows that the Hermite polynomials are a
vector space basis of the space of polynomials. By linearity, it follows that IE(X p(W(h))) =0
for all polynomials p and every h € H. Setting p,(z) := > ;_, %I;, we have p,(W(h)) —
exp(W (h)) pointwise and [p,(W(h))| < exp(|]W(h)|) where the latter is square integrable.
It follows from dominated convergence that IE(X eW(h)) =0forall h € H.

By the linearity of W, we have

E(XeXim5Wh)) =0 iy, .ty € Roha,.. by € H.

In fact, as the left hand side is also well-defined for ¢; € C and is an analytic function of its
variables, by the uniqueness theorem for analytic functions implies that this relation remains
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valid for complex t1,...,t,. In particular, the characteristic function of the measure v on
R", defined by

v(A) = E(X1a(W (ha),...,W(hy))),
vanishes. By the uniqueness theorem for characteristic functions, v = 0. It thus follows that
E(X1p) = 0 for all sets B of the form {(W (h1),...,W(h,)) € A} forn € N, hy,..., h, € H

and A € Z(R™). Since sets of this form generate Sy, it follows that E(X1g) = 0 for all
B € Y. Since X is Yyy-measurable, we have X = 0. O

In the case where H = R is one-dimensional this reduces to

COROLLARY 1.1.12. Let v be standard Gaussian measure. Then {(n')%Hn :n € No} is
an orthonormal basis of L*>(R, Z(R), ).

PrOOF. Let (,%,P) = (R, Z(R),7) and H = R. Define W : H — L?(Q,%,P) by
(W(h))(z) = hxz. Then W is an isonormal Gaussian process. Indeed, under v, z is a
Gaussian random variable hence so is ever multiple W (h). Moreover, E(W (h)W(g)) =
hg flR 22 dy = hg.

Further note that H has only two elements of norm one: +1 and —1 which correspond
to the random variables z and —xz respectively. It follows from Lemma |1.1.7| that H,(z) =
(=1)"H,(—z), whence 7, is one-dimensional. Thus, by Theorem [I.1.11 and Lemma[l.1.8]
(n')% » is an orthonormal basis of L?(R, Yy, P). Noting that Yy = o(x) = Z(R), the
thesis follows. 0

We end this section by providing more information about the spaces .

DEFINITION 1.1.13. Let W be an H-isonormal Gaussian process. We define 220 as the
set (in fact, vector space) of all random variables of the form p(W(hy),..., W (hy)), where
ke{l,...,n}, hi,...,hx € H and p is a polynomial in k variables of degree at most n.

Moreover, &, is the closure of 2 in L?(), 3, P).

ProproOsSITION 1.1.14. We have &, = 45 D --- © I,

Proor. Clearly, 54 & --- & 4, C &,. To prove the converse inclusion, it suffices to
prove that &, | J, for all m > n. In fact, it suffices to prove 29 1| 7%, for m > n. To
that end, let X = p(W(h1),...,W(hy)) € P2 and h € H with ||h| = 1 be given. We have
to prove that E(X H,,(W(h))) = 0 for m > n.

Extend h to an orthonormal basis {h,e1,...,e;} of span{hy,..., hy, h}. Expressing the
hi’s in this basis we can write X = q(W (e1),...,W(e;), W(h)) for a polynomial of degree at
most n. Note that the random variables W (e1),...,W(e;), W(h) are jointly Gaussian and
uncorrelated, hence independent. It follows that

J
E(W(e))™ -...- W(e)) " W(h) Hn(W(h))) = [TE(W (e;)*) - E(W (h)° H(W (R))) -
=1

If B = 0, the latter is zero, as EH,,(W (h)) = E(Ho(W (h))Hy(W (h))) = 0 by Lemmal[l.1.§|
If, on the other hand, 0 < 8 < n < m, then z” is a linear combination of Hermite polynomials

H; with indices | < n < m. Thus Lemma [1.1.§] yields that the above expectation is zero.
Together, it follows that IE(X H,,(W (h))) = 0, which is what we needed to prove. O

Finally, we provide an orthonormal basis of %, and thus, in view of Theorem [1.1.11
also of L2(Q, ¥y, P). We suppose that H is infinite dimensional, the case where H is finite
dimensional is similar, but easier. We pick an orthonormal basis (e, )nen of H.

Let A be the set of all sequences a = (o, )nen, such that a,, € Ng for all n and a,, =0

for all but finitely many values of n. For o € A, we put || := > jay, and ol == [[[7 ap!.
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For a € A, we define

d, = Va! ﬁ H,, (W(en)).
n=0

Note that in the above product all but finitely many factors are 1, since Hy = 1.

PROPOSITION 1.1.15. For n € Ny, the family {®, : |a| = n} of random variables is an
orthonormal basis of F;,.

PROOF. Let us first note that since the reandom variables W (e;) are independent, we
have

E(®a®p) = Valy/B! [ [ B(Hay, (W (er)Ha, (W (ex))) = dag
k=0

by Lemma Thus {®,} is an orthonormal system.

If |a| = n, then clearly ®, € 2% C &,.. Conversely, if X = p(W(hy),...,W(hy)) € 29,
then X can be approximated by polynomials in the W (e;) of degree at most n. These two
facts together yield that span{®, : |a| < n} = Z,.

Together with the orthogonality relation, we see inductively that {®, : |a| = n} is an
orthonormal basis of .77, as claimed. O

1.2. The Malliavin Derivative

Throughout this section, actually for the rest of this chapter, we fix an H-isonormal
Gaussian process W. The underlying probability space is denoted by (€2, X, IP). For simplic-
ity, we assume that ¥ = Xy .

In this section, we want to define the derivative of a random variable X € L?(2) with
respect to the “chance parameter” w. However, usual definitions of “derivative” cannot be
used in our situation for the following reasons: (i) our probability space €2 is in general
lacking the necessary structure to define a derivative (such as linear structure, Banach space
structure, etc.), (ii) random variables are usually defined only almost everywhere.

To solve this problem, we think of “randomness” as being injected only via the isonormal
process W and take derivatives with respect to the “parameter” h. Thus, in particular, the
derivative should take values in H*, the dual space of H, which, however, we shall identify
with H.

Before giving the formal definition, we need some preparation. By Cp° (R?), we denote
the space of infinitely differentiable functions on R¢ which, together with all their partial
derivatives, have polynomial growth. C£°(R?) denotes the subspace of C’]‘D’O(]Rd) consisting
of those functions which, together with all their partial derivatives, are bounded. Finally
C2°(R?) denotes the subspace of C5°(RY) consisting of functions with compact support.

By .7 (resp. %%, resp. .-%;) we denote the class of random variables X such that there
exists an n € N, vectors hy,...,h, and a function f € CP°(R™) (resp. f € Cp°(R"™), resp.
f € C°(R™)) such that

X = f(W(hi),..., W(hy)).
The elements of . are called smooth random variables.

Clearly, 2, C .#, thus both spaces are dense in L?(£2) by Theoremand Proposition
1.1.14] (recall that we assumed ¥ = Xy). Moreover, ., C %, C .. Approximating a
polynomial with C°-functions, it is easy to see that also .7, is dense in L?(Q).

DEFINITION 1.2.1. Let X = f(W(hy),...,W(hy)) € .. The Malliavin derivative of X
is the H-valued random variable DX, defined by

DX i= 30 f(W (k). ..., W ()b,

j=1
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where 0; f denotes the j-th partial derivative of f.
Note that for h € H, we have

(DX.h) = lim FOV () + ki, Y, .., W (hy) +tt<hn’ ) = S W () W ()

which gives an interpretation of DX as a directional derivative.

ExamMpPLE 1.2.2. Let us consider again the situation of a Brownian motion, i.e. H =
L?(0,00). Recall, that we often write W (h) =: [; h(t) dB; where By is Brownian motion.

Then X := [[° h(t)dB; € ./ and DX h. In partlcular DBy = 1oy

As a slightly more comphcated example, consider X = Bf = (W(1(g4))* € /. Then
DX =2W(L(0) L0, = 2BiL(0-

Before proceeding, we have to check that the definition of the Malliavin derivative does
not depend on the representation of the random variable X.

LEMMA 1.2.3. Assume that X € . has representations

X = f(W(h),...,W(hn)) = g(W(e1),...,W(em))

where ey, ..., en are an orthonormal system. Then
Z ajf(W(hl)’ AR W(hn))h] = Z 8ig(W(€1)7 R W(em))el
j=1 i=1

Proor. We may assume without loss of generality that the span of the h;’s is the same as
the span of the e;’s, for otherwise we can put hy, 11 = e1, ..., hAntm = en and replace f with f ,
defined by f(xl, ooy Tpym) = f(z1,...,2,) and extend ey, ..., e, to an orthonormal basis
€1, .., emtr of the span of both replace g with g, defined by g(z1, ..., Tm1r) == g(x1,. .., Tm).
Note that this does not change the sums in the conclusion of the statement, as 0; f = 0 for
j>mnand 9;g =0 for i > m.

Recall that the h;’s are represented in the orthonormal basis ei,...,e, by the for-
mula h; = ", (hj,e;)e;. We let T be the linear map from R™ to R™ given by the
matrix (<hj, 6i>)1§j§n,1§i§m- Then T(W(el), ceey W(em)) = (W(hl), ey W(hn)), so that
(foT)(W(er),...,W(em)) = X = g(W(e1),...,W(em)). This implies that foT = g.
Indeed, if f o T(xq) # g(xg), then, by continuity, |f o T — g| > £ in a neighborhood of .
As the probability that the standard Gaussian vector W(ey), ..., W (e,,) takes values in that
neighborhood is strictly positive, this contradicts the above equality.

Thus, using the chain rule, we find

3

D 0igWier),...,Wiem)ei = (foTYW(er),...,W(em))ei
1= 1

n

ST @if o TY(W(e),. ... W (em)) by, eide;

i=1 j=1

= > 0, f(W(h1),..., hm)h; .

j=1

[
Ms

3

We next establish an important integration-by-parts formula.

LEMMA 1.2.4. Let X € % and h € H. Then E((DX,h)) = E(XW (h)).
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PROOF. By linearity, we may assume that ||h| = 1. Furthermore, we can assume that
X is given as
X =f(W(er),...,W(en))
where f € C;f’(]R") and eq,...,e, is an orthonormal system with e; = h. Thus, the vector
W{(e1),...,W(ey) has standard normal distribution on R™. Note that in this case (DX, h) =
81f(W(61), ceny W(en))
We denote by p the density of the standard normal distribution, i.e.

p(z) = (27) 72 exp ( — ;iﬁ) .

j=1
Using integration by parts, we find

E((DXH) = [ (ouf@))olo)do

= E(XW(h))
O
COROLLARY 1.2.5. Let X, Y € . and h € H. Then
E(Y(DX,h)) = E(XYW (h) — X(DY, h)).
Proor. Without loss of generality, we can assume that there exist hi,...,h, € H and

fy9 € C;°(R™) such that
X = f(W(h1),...,W(hy)) and Y = g(W(hy),...,W(hy)).

It now follows from the product rule that D(XY) = XDY + Y DX. The claim thus follows
from Lemma [[.2.4] O

We next show that the Malliavin derivative is closable. Before proceeding, let us recall
some terminology. Let F and F' be Banach spaces. An (unbounded) operator from E to F
is a linear map A : D(A) — F, where D(A) is a subspace of E. Such an operator is called
closed, if its graph T'(A) := {(z, Ax) : © € D(A)} is a closed subspace of the product E x F.
Equivalently, if (x,) is a sequence in D(A) and z,, — = in E and Az, — y in F, it follows
that x € D(A) and Az = y. An operator is called closable, if the closure of its graph is again
the graph of an operator, called the closure of A. Note that the closure of A — if it exists
— is necessarily closed. An operator A is closable if (and only if) whenever x,, is a sequence
in D(A) which converges to 0 and such that Az, converges to some y € F, it follows that
y=0.

Let us also recall the definition of vector valued LP spaces. A map f : Q2 — H is called
(strongly) measurable if it is the pointwise limit of simple functions ) z314,. A strongly
measureable map f is called p-integrable, if [, || f[|? dPP < co. We then write f € LP(; H).
As usual, we identify functions which are equal almost everywhere. It is easy to see that
LP(2; H) is a Banach space with respect to the norm

Il e (:my = (/Q | £11% dIP);’.

It is easy to see that L?(2; H) is a Hilbert space with respect to the inner product (f, g) :=

PROPOSITION 1.2.6. Let p € [1,00). The operator D, viewed as an operator from LP(()
to LP(Q; H) initially defined on .7, is closable.
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PRrROOF. Let X,, be a sequence in . which converges to 0 in LP(€2) and such that DX,
converges to & in LP(Q; H). We need to show that £ = 0.
To that end, let h € H and Y € .%}, be given such that YW (h) is bounded. By Corollary

we have
E(Y(¢,h) = LmE(Y(DX,,h))
= lmE(YX,W(h) — X,(DY,h)) =0
since X;,, — 0 in LP(Q) and YW (h) and (DY, h) are bounded. For density reasons it follows

that (¢, h) = 0. Since h € H was arbitrary, it follows that £ = 0, which finishes the
proof. O

Slightly abusing notation, we shall denote the closure of D in LP(Q2) again by D. The
domain of D in LP(€) is denoted by D'*. Thus D? is the closure of . with respect to the
norm

D=

X111 p = (BIX]P + E|DX})" .
For p = 2, the space D2 is a Hilbert space with respect to the inner product
(X,Y>172 =EXY)+E(DX,DY), .

We also note that for p € (1,00) the space D'? is reflexive as it is isometrically isomorphic
to a closed subspace of the reflexive space LP(2) x LP(; H).
We next establish a chain rule for Malliavin derivatives.

PROPOSITION 1.2.7. Letp > 1, X = (Xy,...,X,,) be a vector of random variables with
Xj € DY for j = 1,....,m and ¢ : R™ — R be continuously differentiable with bounded
partial derivatives. Then p(X) € D and

m
(1.1) Do(X) =Y 9;0(X)DX;.
j=1
Proor. If X; € . for j =1,...,m and ¢ € C*(R™) with bounded partial derivatives,
then equation (|1.1]) follows directly from the definition and the classical chain rule. For the
general case, pick sequences X ](-n) in . with X J(n) — Xjin D'P for j = 1,...,m (thus we have
X](n) — X, in LP(Q) and DX](") — DX in LP(Q); H) for all j) and a sequence ¢,, € C*°(R)
such that ¢, — ¢ uniformly on compact sets, Vi, — V¢ uniformly on compact sets and
lon] < C(1+ |z|) for a certain constant C' (the latter is possible since ¢, having bounded
derivatives is of linear growth).
It then follows from dominated convergence that ¢, (X™) = ¢(X) in LP(Q) and that
Dpn(X™M) = 7 800 (X)DX(" converges to ST, 8;0(X)DX; in LP(Q; H). By
closedness of the Malliavin derivative, it follows that ¢(X) € D'? and that (T.1]) holds. [

In applications, for example to prove that solutions to certain stochastic differential
equations with Lipschitz coefficients belong to the domain of the Malliavin derivative, it is
important to have a generalization of the chain rule for Lipschitz maps. To prove such a
generalization, we use the following important

LEMMA 1.2.8. Let p € (1,00) and X,, € DYP be such that X, — X in LP(Q) and such
that

sup E|| DX, ||, < co.
nelN

Then X € DY and DX,, converges weakly to DX .
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PRrROOF. The sequence X,,, being convergent in L is bounded in LP. It thus follows that
X, is bounded in D'?. As bounded subsets of reflexive spaces are relatively weakly compact,
we can extract a subsequence X, which converges weakly (in D!?) to some Y € DI?. In
particular, X, converges weakly in L” to Y, whence ¥ = X. It follows that X < Dbp,
We can apply the above to any subsequence to see that every subsequence of X, has a
subsequence converging to X weakly in DYP. It then follows that X,, converges weakly to
X in DYP. In particular, DX,, — DX weakly in LP(Q; H). O

PROPOSITION 1.2.9. Let p € (1,00) and X = (X1,...,Xm) be a vector with X; € DVP
for 5 =1,....m and let o : R™ — R be Lipschitz continuous with Lipschitz constant L.
Then o(X) € DYP. Moreover, there erists a random vector Y = (Y1,...,Yy,) with |Y| < L
almost surely, such that

m
Dp(X) =Y Y;DX;.
j=1

PRrROOF. Let ¢, be a sequence of continuously differentiable functions which converges
pointwise to ¢ and such that |Vy,| < L (e.g. convolute with a mollifier). By Proposition
on(X) € DY? and Dy, (X) =Y 9;00(X)DX;. Clearly, on(X) — ¢(X) in LP as n —
0o. Moreover, the sequence D, (X) is bounded in LP(€%; H). Thus Lemmal[l.2.8|implies that
©(X) € DYP and that D, (X) converges weakly in LP(Q; H) to D¢(X). Since the sequence
Vn(X) is bounded by L, it has a subsequence which converges weakly in LP(Q2, R"™) to a
random vector Y = (Y1,...,Y,,). It follows that Y is bounded by L. Moreover, Dp(X) =
S Y;DX;. 0

We next want to define also higher order Malliavin derivatives. Since the Malliavin
derivative of a random variable is an H-valued random variable, we need to differentiate
Hilbert space valued random variables. As it turns out, we need some abstract results which
we establish before returning to our main line of study.

Intermezzo: Tensor Products and Hilbert-Schmidt Operators

Let H and V be Hilbert spaces and pick orthonormal bases (ha)aca of H and (vg)gep
of V. We define the (Hilbert space) tensor product H®V to be the vector space of all formal
series ) aq gha ® vg Where aq 5 € ??(A x B), endowed with the inner product

(Z Ao, gha ® Vg, Z bo.gha @ U5> = Z aq,8ba.g -

Thus, H ® V, being isometrically isomorphic with ¢2(4 x B), is a Hilbert space and the
system (ha ® vg)(a,3)cax B i an orthonormal basis of V' @ H.

Similar as for algebraic tensor products, we can characterize H ® V' by a universal prop-
erty.

Consider the map p: H x V — H ® V, defined by

p(Zaahm me}g) = Zaabgha ® bg .

Note that if (an) € 2(A) and (bg) € £2(B), then (anbg) € £>(A x B) so that this definition
makes sense. In fact, we have

2 ) 2

ul s,

| > aabsha ®vﬁHj{®V = > =Y @Y =Y aha
B a€A BeB

« )

so that p is a continuous, bilinear form.

LEMMA 1.2.10. Let H,V be Hilbert spaces, HRV and p as above. Let also U be a Hilbert
space and n: H x V. — U be a continuous bilinear form (recall, that n is called continuous
if there is a constant C such that |n(h,v)||y < C||h|lgl|v|lv). Then there exists a bounded
linear operator T;) : H @ V. — U such that n =T;, o p.
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PROOF. Given 7 as in the statement of the lemma, let u, g := 1(hq, vg). For the assertion
to be true, we have to have T),(ho ® vg) := uq 3. We note that by continuity of 7, the vectors
Uq, g are uniformly bounded. Thus, given (a,5) € £2(A x B), the series Y aq gtq g converges
in U. This shows that there exists a unique bounded linear map T}, from H ® V' to U with
T (ha ® vg) := uq,g. This map clearly satisfies n =T}, o p. O

We can now use this universal property to identify some tensor products.

COROLLARY 1.2.11. Let (2, %, ;) for i = 1,2 be o-finite measure spaces. Then the
tensor product L?(21, X1, 1)@ L%(Qa, Yo, o) is isometrically isomorphic to the product space
L2( x Q2,51 @ Bg, 1 @ pa).

PROOF. For ease of notation, we suppress the o-algebra and the measure from our no-
tation in L? spaces.

Consider the bilinear form n : L?(Q1) x L?(Q) — L2(Q x Q) given by n(f,g) :=
[(z,y) — f(x)g(y))]. By Fubini’s theorem we have

/ (F@)aw) 2 dm © p) @) = [ F(2)? dpn () / 9(y)? dpsa(y)
01 xQo (951 Qo

so that ||n(f,9)|| = || fllllgl]- In particular,  is continuous. By the universal property, there
exists a linear operator T}, : L%(Q1) ® L*(Q2) — L*(Q x Q2) such that n = T;, 0 p. We
thus have T, (f ® g) = [(z,y) — f(x)g(y)]. In particular, the range of T}, contains indicator
functions of rectangles A x B where A and B have finite measure. Using the continuity of
T, a monotone class argument shows that the range of T}, contains the indicator of every
set S € X1 ® X9 with finite measure and hence, by linearity, any integrable simple function.
By density and continuity, 7T}, is surjective.

Now let (eq), resp. (€3) be orthonormal bases of L?(y), resp. L?(Q2). Then every
element & of L?(£1)®L%() can be written as £ = > aq geq®ég. for some (aqg) € (2(AxB).
We have

Ty = [ (L oaseal@isw) don e m)w.o)
= ) apay /Q ea(z)ey(z) dpa (2) / és(y)és(y) dua(y)

Q2
= Zai,ﬁ = ||€HL2(91)®L2(92)-

This proves that T is an isometry. In particular it is injective, hence, altogether, an isomor-
phism. O

Also a second identification for tensor products, this time even for abstract Hilbert
spaces, is of importance. It arises from the bilinear form n : H x V. — Z(H, V) given by
n(h,v) :=[g +— (g, h) - v]. Note that n(h,v) if h # 0, then the range of n(h,v) is the span
of v. Linear combinations of such “rank one operators” are exactly the operators with finite
dimensional range, the so-called “finite rank operators”. In the literature, one often finds
the notation h ® v for n(h,v) which already suggests a connection with tensor products.

It should be noted, however, that there is no hope of identifying the tensor product H x V'
with all of Z(H, V). Indeed, if that was the case, then every bounded operator from H to
V' could be approximated by finite rank operators, in particular it must be compact. For
infinite dimensional Hilbert spaces, this is certainly not true. Thus to identify the tensor
product H x V with a space of operators, we have to consider a suitable aubclass of operators,
the so-called Hilbert-Schmidt operators.

DEFINITION 1.2.12. Let H,V be separable Hilbert spaces. An operator T' € £ (H,V) is
called Hilbert-Schmidt operator if for some (equivalently, all) orthonormal bases (e,) of H



12 1. STOCHASTIC CALCULUS

the sum >, || Te,|/} is finite. For a Hilbert-Schmidt operator, we put

1
ITls := (D ITeall?)’

nelN

To see that the definition of Hilbert-Schmidt operator (and of the value of ||T||ns) is
independent of the choice of the orthonormal basis, let (e,) and (hy) let orthonormal bases
of H. Then, using Parseval’s identity, we find

Sitedt = 3|3 o bl = 23 e b 1T
S W BTl = 3 Tl

Clearly, sums and scalar multiples of Hilbert-Schmidt operators are Hilbert-Schmidt
operators. Thus the Hilbert-Schmidt Operators from H to V are a vector space, denoted by
Zus(H, V). Tt is also easy to see that || - ||4s is a norm on Zys(H, V).

LEMMA 1.2.13. Let H,V be separable Hilbert spaces. Then H @ V is isometrically iso-
morphic to Zhs(H, V).

PRrOOF. Consider the continuous bilinear form n : H x V. — Z(H,V), defined by
n(h,v) = (-,h)v. By the universal property, there exists bounded linear operator 7,
H®V — Z(H,V) such that n =T, o p.

Now let (hy,,) be an orthonormal basis of H and (vy,) be an orthonormal basis of V. Then
(hy, ® vy,) is an orthonormal basis of H @ V. If £ = " apmhy, ® vy, is an element of H @ V,
then T, (&) € Zhs(H, V). Indeed, for the orthonormal basis (hs) we have

k k n,m k. m

This moreover shows that ||77,¢|lns = ||{||Hev. Thus T;, is an isometry. It remains to prove
that the range of T;, is all of Zys(H, V). To that end, let T € Zys(H,V) and let (hy),
resp. (vp) be orthonormal bases of H resp. V. We can expand Te,, = ) GpmUm, Where

anm = (T'epn, him)y,- Note that
Y ann = | Tenll} < oo
nm n

Thus £ := ) apmen ® vy, belongs to H @ V. We then have
(Ty6)(ex) =D anm{er, en) yrom = Zakmvm =Tey.

n,m

Hence, by linearity and continuity, T;,§ = T, i.e. rgT,,Zns(H, V') as claimed. O

It is customary to drop the operator 7T), and merely write T' = > apmhn @ vy, in the
above situation, where a,,, are the coefficients in the expansion of T'e,, in the basis (vy,).

It follows from Lemma that the Hilbert-Schmidt norm || - ||us is induced by an
inner product. Indeed, if T'= )" apmhy @ vy, and S = > bymhy @ vy, belong to Lys(H, V)

and we set
(T, Sy =D _ tnmbm -

nm

This defines an inner product on Zys(H, V) which induces the norm || - ||us. Note that

<T S HS = Zzanm nm — Z <T€mS€n>V = Z <S*T€n,€n>v =: tl"(S*T)

n n

The last sum is the so—called trace of the operator S*T" € Z(H, H). In fact, the trace can
be define for a more general class of operators — the so-called trace class operators — and the
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above equation shows that if S,T € Hys(H, V), then S*T is of trace class. We do not go
into details here but note that the value of tr(S*T) does not depend on the choice of the
orthonormal basis (e,,). Indeed, if (h,) is an orthonormal basis of H, then expanding h,, in
the basis (e, ), we find

> (Tha, Sha)y = > 3> (hn,er) g lhn, )y (Tex, Ser)y
n k k

= ZZ (ex,er) g (Ter, Ser)y
koo
= Z <T6k,S€k>V-

k
This in particular shows that the norm in the Hilbert space H ® V does not depend on
the choice of bases of H and V, as it seems a priori.

We now return to our discussion of Malliavin derivatives and extend the definition of
the Malliavin derivative to Hilbert space valued random variables. Besides our H-isonormal
Gaussian process W we are given a (separable) Hilbert space V. In this setting, we have the
following generalization of the Wiener chaos decomposition.

We let .7, (V) denote the closed subspace of L?(Q; V) generated by random variables of
the form Z;n:l X,;v;, where X; € 7, and v; € V. This space can be canonically identified
with the space 7, ® V.

We now have the following generalization of Theorem The proof is left to the
reader.

THEOREM 1.2.14. Let W be an H-isonormal Gaussian process and V be a separable
Hilbert space. Then

L(Q, 5w, P; V) = Q) (V)
n=0

and this decomposition is orthogonal. Moreover, if (vi)ker is an orthonormal basis of V,
then {®y @ vy : |a] =n,k € K} is an orthonormal basis of (V).

In order to generalize the definition of the Malliavin derivative, we consider the space
Z(V), consisting of V-valued random vectors X of the form

m
X=) Yy
j=1

where Y; € .7, thus Y; = f;(W(h]),...,W(h},)) for certain n; € N, f; € C°(R™)) and
h,....hh, € H and v; € V.

DEFINITION 1.2.15. For X € .(V) as above, the Malliavin derivative of X is the H® V-
valued random variable (alternatively, the Zys(H, V')-valued random variable) DX, defined
by

m Ty ) A ) m
DX =Y "> [0if;(W(h)),..., W(h)]hl @v; = (DX;) ®v;.
j=1i=1 j=1
Here the tensors in the first sum are elements in H ® V, the tensors in the second sum are
elements in L2(Q; H) @ V.

We note that in the case where V = R, i.e. in the scalar situation considered so far, the
tensor H ® V = H ® R is isometrically isomorphic to H and the vector valued definition
coincides with the one given above.

Expanding the vectors v; in an orthonormal basis and testing against the elements of this
basis, it follows from Lemma that the definition is independent of the representation of
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the random vector X. Similar as in the scalar case, one shows that the Malliavin derivative
is closable as an operator from LP(2; V') to LP(2; H® V). We leave the details to the reader.
The domain of the closure is denoted by DYP(V).

We can now also define higher order Malliavin derivatives. Indeed, if X € D'P is such
that the H-valued random variable DX belongs to DYP(H), then we say that X € D??
and D?X := D(DX). Thus, the second derivative is an H ® H-valued random variable or,
alternatively, and Zhs(H )-valued random variable.

ExXAMPLE 1.2.16. Let us consider again the situation of Brownian motion where H =
L?((0,00)) and B; = W(l,y). We have seen that X = B? belongs to D2 and DX =
2Bt]1(07t] Note that DX 6 y(H) We haVe DQX - (D2Bt> ® ]]‘(O,t] == 2]1(0,t] ® ]]‘(0715}

Let us write H®" for the n-fold tensor product of H with itself. We define inductively
DFP .= {X e D" 17 . DF1X e DYP(HEM D)} and DFX := D(DF1X).
DFP is a Banach space with respect to the norm

1

k
1X e = (BIXP + Y BIDIXfs,) "
j=1

For p =2 and k > 1, the space D*?2 is a Hilbert space with respect to the inner product

k
(X,Y), = B(XY) + ) E(DIX,DIY)
j=1

H®J *

We next characterize the Malliavin derivative in terms of the Wiener chaos decomposi-
tion. We denote by J,, the orthogonal projection onto the n-th Wiener chaos (both in the
scalar and the vector-valued situation).

PROPOSITION 1.2.17. Let X € L*(2) have the chaos decomposition X = Yo% J, X.
Then X € DY2 if and only if ZzozonHJnXH% < 00. In this case DJ,X = J,_1DX and we

have
o

E|DX % =Y nllJ.X|3
n=0

PROOF. Pick an orthonormal basis (e,) of H and consider the random variables ®,, from
Proposition [1.1.15] i.e. for a € A we have

Oo = Vol [] Ho;(W(ey)).

j=1
We have @, € . and using that H], = H,,_1, we find
o0 o
Do =Val> [ Hey(W(en))Hea,—1(W(er))ey
=1 j#1,l=0

Note that if |a| = ) a; = n, then for fixed | the random variable
Val [T Ha,(W(en))Ha-1(W(er))
JALI=0

is equal to \/a;®gw where ﬂy(.l) = o for j # [ and 5l(l) = q; — 1. Therfore, D®, =
PIINSRVLTL TP
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Note that |3| = n — 1 whence D®,, € 5, _1(H). Moreover,

o
E|[D®o|F =Y ar=lal=n
1=0
Since {®, : |a| = n} is an orthonormal basis of .74, by Proposition [1.1.15] it follows from
linearity and closedness of D that ., ¢ DY and D.J#, C ,_1(H), where we set 7 {(H) =
{0}. Moreover, E||DY |3, = nE|Y|? for Y € 7.

Now assume that > o i n|[J,X||3 < oo. By the Wiener chaos decomposition, the se-
quence Xy := 227:0 JnX converges in L?(2) to X. Moreover, by the above,
N
E|DXn|} =) nllJ. X3
n=0
which is bounded by assumption. By Lemma X eD" and DX =52 DJ,X.
Conversely, let X € D2, By Theorem [1.2.14 ¢ = {®, ® e : o € A,k € N} is an
orthonormal basis for L?(Q; H). Expanding DX in this basis and X in the orthonormal
basis ®,, the above computation shows that DJ,X = J,_1DX and that E|DX|%, =
Yoo 1 X3 < o0. O

As a corollary, we see that a random variable whose Malliavin derivative is zero, is almost
surely constant.

COROLLARY 1.2.18. Let X € DY2 be such that DX =0 a.e. Then X = EX a.e.

PRrOOF. By Proposition [1.2.17] J,X = 0 for all n > 1. Thus X = JyX = EX almost
surely. ]

COROLLARY 1.2.19. Let A € X. Then 14 € DY2 if and only if P(A) € {0, 1}.

ProOF. If P(A) € {0,1}, then 14 is almost surely constant, hence 14 € % C D2

Conversely assume that 14 € D2, Pick a function ¢ € C°(R) with ¢(t) = 2 for
t € (—2,2). Then ¢ has bounded derivative. Noting that ¢(14) = 14 and ¢/(t) = 2t for
t € (—2,2), it follows from the chain rule (Proposition that

D1y =Dp(1a) =214D14.
Thus D14 =0 a.e. on A° and D14 = 21 4, a.e. on A. Altogether, D14 = 0 a.e. and hence,
by Corollary [1.2.18) 14 = El14 = P(A) almost surely, which implies P(A) € {0,1}. O
1.3. The Divergence Operator

We next define the divergence operator as the adjoint of the Malliavin derivative. As the
Malliavin derivative maps L?(2) to L?(Q; H), its adjoint will be an operator on L?(£2; H)
taking values in L?(Q).

DEFINITION 1.3.1. The divergence operator, sometimes also called the Skorohod integral,
is the adjoint 0 of the Malliavin derivative D on L?(£2). More precisely, the domain D(J)
consists of those u € L?(Q2; H) such that there exists X € L?(f) with

E(DY,u),; =E(Y - X)
for all Y € D2, Since D'? is dense in L?(Q2), there is at most one such element X. We
write 6(u) := X.

Note that an element u of L?(Q; H) belongs to the domain D(4) if and only if there exists
a constant ¢ > 0 such that

IB(DY, u)| < c(E|Y?)?
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for all X € D12, Indeed, in this case, the map p(Y) := E(DY,h) is a linear functional on
D2 which is bounded with respect to the 2-norm. It thus has a unique bounded extension
to all of L2(£2). By the Riesz-Fischer theorem, this extension is of the form Y ~ E(Y X) for
a certain X € L?(9).

EXAMPLE 1.3.2. Let u € /(H), say u=>"_; X;h;. Then X € D() and

(1.2) ZX W (h Z<DXj,hj>

J=1
To see this, we may (by linearity) assume that n = 1 and write u = Xh for simplicity. Then
the statement reduces to equality

E(DY,u) = EX(DY, h) = EY (XW (h) — (X, 1))

for all Y € D%2. This integration-by-parts formula was seen to be true for Y € .# in
Corollary that it is true for Y € D2 follows by an approximation argument.

We next prove that a large class of H-valued processes u, namely those in DY2(H),
belong to the domain of §. Let us note that if w € D2, then the derivative Du takes values
in H® H~ Zys(H, H) so that the derivative is operator valued.

We first prove a “commutator relationship” between the Malliavin derivative and the
divergence.

LEMMA 1.3.3. Letuw € “(H) and h € H. Then

(1.3) (Dé(u), h) —0(Du - h) = (u, h)
Given h € H we may define the directional derivative D, X of a random variable X
as DpX := (DX, h). For an H-valued random variable, the directional derivative can be

defined as Djpu := Du - h, i.e. the image of h under the map Du € Zys.

Doing so, equation can be rephrased as Dpd — dDp, = (-, h) which is some sort of
Heisenberg commutator relationship (AB — BA = id) except that we have to test against an
h (and that the first Dy, is actually different from the second).

ProOOF OF LEMMA [[L3.3] Let u = Xg where X = f(W(e1),...,W(e,)) € . and g €
H. We assume without loss of generality that eq,...,e, is an orthonormal system with
g,h € span{ey, ..., ey}, cf. the proof of Lemma The general case follows from linearity.
In what follows we write X; := (0;f)(W(e1),...,W(en)).

By (L.2), du = XW(g) — (DX,g). We note that (DX,g) = 37 X;{ej,g). Let us
also note that XW(g) = f(W(e1),... W(en), W(g)) where f(z,#nr1) = @np1f(2) so that
D(XW(g)) = Xg+ > 7_, W(g)Xje;. It follows from the definition of D that

n
(1.4) (Dé(u), h) = (u, h) + ZW jlej h) = > (e 9) (DX, h)
7=1
On the other hand, Du = ijl Xjej g so that Du-h = Z?:l Xj(h,e;)g. Thus (1.2) yields

n n

(1.5) 8(Du-h) = (h,e)X;W(g) =Y (h.e;)(DX;.g)
j=1 j=1
Expanding h and g in the orthonormal basis ey, ..., e,, we find
Z<€jvg><DXj7h> = ZZ 6]7 h 62 DX],€7,>
j=1 J=11=1

n n n

= ZZ (e, 9)(h,e;)(DX;,e;) = Z<h76i><DXi79>a

7j=11i=1 =1
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where we have used in the second equality that (DX, e;) = (DX;,e;) as a consequence of
the Schwarz theorem on mixed partial derivatives. Combining this with (| and (| .

equation (1.3 is proved.

We can now prove

PROPOSITION 1.3.4. DY2(H) C D(8). Moreover, for u,v € D¥2(H) we have
(1.6) E(6(u)d(v)) = E(u,v) + E[tr(DuDv)] .

PROOF. Let us first assume that u,v € . (H) C D(6). We let (e,) be an orthonormal
basis of H. Using the duality between é and D and the Parseval identity, we have

E(8(u)d(v)) = E(u, D§(v ZE u, ex) (Do (v), ex) -

k=1
By Lemma the latter equals

ZE((u, er) (v, ex) + 6(Dv - ey))) = E(u,v) + ZE<U, ex)d(Dv - ex)
k=1 k=1
Using the duality between D and § we find for £k € IN
E((u,er)d(Dv-er)) = E(D(u,ex), (Dv-ex))
= E(Du"-eg, Dv-eg)

where we have used that D(u,h) = Du* - h which was an exercise. Thus we obtain
E(6(w)d(v)) = E(u,v)+ IE}Z (Du* - e, Dv - ey,)

= E(u,v) + E[tr(DuDv)]
This establishes for u,v € (H). For v =v € .(H) we have in particular,
El6(u)|* = Ellully; + Bl Dullfon =: lullprer -
Given u € DY?(H), there exists a sequence u,, in .#(H) such that u,, — u in L?(Q; H) and
Du,, — Du in L*(Q; H ® H). The above inequality shows that §(u,) is a Cauchy sequence

in L?(12), hence convergent to, say, X.
Now observe that for Y € D12 we have

E(DY,u) = nh_)rrolo (DY, uy) = nh_)rrOlO]E(Yd(un)) =E(YX).

This implies u € D(J) and 6(u) = X. It also implies (|1.6)) for u = v. The general case follows
by polarization. OJ

Our next result allows us to factor out a scalar random variable in a divergence.

PROPOSITION 1.3.5. Let X € DY2 and u € D(6) be such that Xu € L*(Q; H) and such
that X6(u) — (DX, u) € L*(Q). Then Xu € D(8) and

0(Xu) = Xo(u) — (DX, u).
PROOF. First, let X € .. By the duality between D and 6 and calculus, we find for
Y € . that
E(DY, Xu) = E(u, XDY) = E(u,D(XY)-YDX)
= E(5(u)XY —Y(u, DX))
= E(Y(X6(u) — (DX, u))).
Using that . is dense in D2, it follows that the above is true for X € D2 u € D(§) and

Y € . Using the additional assumptions on X and wu, we see that it then also holds for
Y € DY2. This yields the claim. O
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We end this section by showing that both the Malliavin derivative and the Skorohod
integral are local operators. Here we call an operator T defined on a space of random
variables local if X = 0 a.e. on a set A € ¥ implies that also TX =0 a.e. on A.

PROPOSITION 1.3.6. The divergence operator § is local on D¥?(H).

PrOOF. It suffices to show that d(u)lLy), =0} = 0 almost everywhere.

Let X € S and ¢ € CF(R) with 1(_;1) < ¢ < L_99). Put ¢,(t) = ¢(nt) so
that @, (t) — Tyoy pointwise and () — oo - 1oy pointwise. Note that sup,cp [ty ()| =
supeg [ntg’ (nt)] < 2[|¢']le < oo

It is an exercise to prove that X, (||ul|?) € D? with

D(Xen([[ull®) = en(llul*) DX + 2X @y, (|ul*) Du - u.
This together with the duality between D and ¢ yields
E(3(w)Xen(l[ul®)) = E(pn(llul®)(u, DX)) + 2E(X ¢ ([ul*)(Du - u, u)) .
Observe that @y, ([|ufl?)(u, DX) = Loy (|lull*)(u, DX) = 0 as n — oo and that

|on(llull®)(u, DX)| < llellscllull | DX |1

and the latter is integrable. Thus, by dominated convergence, E(¢p(||u/|?)(u, DX)) — 0.
Similarly, X/, (|Jul|?)(Du - u,u) — 0 as n — oo and

| Xon (lul?)(Du - u,u)| < (XN (I )| Dull remlull® < 21X |[|¢' || Dull e
which is integrable. Altogether the dominated convergence theorem yields
E(0(w)L{juj=0)X) =0
which finishes the proof. O

We next proof that also the Malliavin derivative is local. Note that the proof uses the
divergence operator.

PROPOSITION 1.3.7. The Malliavin derivative is a local operator on D!,

PROOF. Let X € DU, Replacing X with arctan X if necessary, we may and shall
assume that X € L additionally. Let ¢, o, be as in the proof of Proposition and put
Un(t) == ['__pn(r)dr. Note that [|¢]lsc < n¢]1 By the chain rule, ¢,(X) € D! and
Dwn(X) = SDn(X)DX'

Now let u € % (H). We note that EY§(u) = E(DY, u) holds even for Y € Db 0 L>°
and u € % (H) as is easy to see using approximation. Hence, we find

[ Ben(X)(DX, u)| = [E(D(n(X)), u)| = [Eon(X)d(u)| < %H@II1E\5(U)I —0

as n — oo. It follows that By y|—o} (DX, u) = 0 and thus, since .%,(H) separates L' (€; H),
Ly x|=0y DX = 0 almost surely which implies the claim. O

Since § and D are local operators, they can be defined on larger domains by localization.
This is done as follows. If Z# is a vector space of (real or Hilbert space valued) random
variables then we say that £ € %), if there exists a sequence ((Ap, &) neny C X X Z such
that

(1) A, 1T and
(2) §=¢&non Ay
Then, given a local operator T' on Z, we can define T¢ by setting T¢ = T&, on A,

Proceeding in this manner, we extend the Malliavin derivative to the spaces ]Dll(;}c7 and

extend the divergence § to the spaces ]Dl’Q(H).

loc
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1.4. The Ornstein-Uhlenbeck Semigroup

DEFINITION 1.4.1. Let J,, denote the projection on L?(£2) onto the n-th Wiener chaos.
The Ornstein-Uhlenbeck semigroup is the one-parameter semigroup (7'(t))s>o defined by

T(HX =) e "X,
n=0

From this definition, the following properties are easy to see:

LEMMA 1.4.2. The Ornstein- Uhlenbeck semigroup satisfies the following properties:
(1) T(t) € L(L*(Q)) and T(t) is selfadjoint for all t > 0;
(2) T(0) = id2(qy and T(t + s) = T(t)T(s);
(3) For X € L?(R), the orbit t — T(t)X is continuous.

Lemma [1.4.2| can be summarized by saying that the Ornstein-Uhlenbeck semigroup is
a strongly continuous semigroup of selfadjoint operators. We recall that the generator of a
strongly continuous semigroup (S(¢)):>0 on a Banach space E is the (in general unbounded)
operator A, defined by

D(A) :={z € E:limt YT (t)x — z) exists} and Az :=Ilimt Y(T(t)r —x).
t—0 t—0

We can now characterize the generator L of the Ornstein-Uhlenbeck semigroup — the
Ornstein- Uhlenbeck operator — in terms of the Wiener chaos decomposition.

PROPOSITION 1.4.3. The generator L of the Ornstein-Uhlenbeck semigroup (T'(t)):>0 is
the operator giwen by LX =%  —nJ,X for X € D(L) where

D(L):={X € L*(Q) : inQHJnXH% < oo}.
n=0

PRrROOF. For the moment denote the generator of the Ornstein-Uhlenbeck operator by A
and let L be the operator in the statement of the proposition.

First assume that X € D(A) with AX =Y, ie. lim, oot 1(T(#)X — X) exists and
equals Y. Using the continuity of the projection J, and the fact that J, commutes with
T'(t) for all £ > 0, we find

THX - X . Tt X — JX et — 1

lim = lim Jp X = —nJ, X.
t—0 t t—0 t

Since Y, ||JnY]|? < oo it follows that X € D(L) and LX =Y.
Conversely, let X € D(L). We have

JpY = lim J,
t—0

- (T(t)Xt—X)) B LX‘z _ i <em;— 1

2 2
—|—n> E|J,X|

Each summand in the latter sum converges to 0 as ¢t — 0. Moreover, |t~!(e”™ —1)| < ne for
all t < 1. Thus by dominated convergence the sum converges to 0 as ¢ — 0 implying that
X € D(A) and AX = LX. 0

The next proposition clarifies the relation between the operators L, D and 9.

PROPOSITION 1.4.4. We have L = —6D, i.e. X € D(L) if and only if X € DY? and
DX € D(6); in that case §(DX) = —LX.

Proor. If X € D2 with DX € D(6), then, by the duality between D and 4, we have
E(Y6(DX)) = E(DY, DX)
for all Y € D%2.
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By Proposition [1.2.17 and polarization E(J,—1 DX, J,_1DY) = nE(J,XJ,Y). Thus,
expanding into the Wiener chaoses, we find

E(Y§(DX)) =Y nE(J,YJ,X) =) nE(YJ,X)
n=0 n=0
It follows that J,(6(DX)) = nJ,(DX). Indeed, if we pick Y € 4, for m # 0, then the
above implies
E(Y (§(DX) - nJ,X) =Y _ nE(YJ;X)=0.
i#n

By linearity and continuity, this remains true for Y € 2t = @min Hp. It now follows
that

o0 o0
S X2 = 3 [ d(DX)]? < oo
n=0 n=0
and hence X € D(L). Moreover, continuing the above calculation, we find

E(Y§(DX)) =Y nE(J,YJ,X) =Y nE(Y.J,X)=EY(-LX)
n=0 n=0
for all Y € D42, The equality 6(DX) = —LX follows from the density of DY2 in L?(Q).
Conversely, let X € D(L). Then >_°° ,n?||.J,X||3 < oo and hence >_°° (n||J, X |3 < o0
which implies X € DY? by Proposition The computations above yield

E[Y(—LX)] = E(DY,DX)
for all Y € D%2. By definition, this means that DX € D(§) and §(DX) = —LX. O

REMARK 1.4.5. The proof of Proposition shows that the Ornstein-Uhlenbeck op-
erator can also be defined via quadratic forms. Indeed, if we define a[X,Y]:= E(DX, DY),
then X € D2 is such that there exists Z € L?(Q) with EYZ = a(X,Y) for all Y € D2,
then X € D(L) and LX = —Z.

Note that the symmetric form 1 + a is the inner product of the Hilbert space D2,

In the applications of Malliavin calculus that we will present, the main operators of
interest are the Malliavin derivative and the Skorohod integral. However, the Ornstein-
Uhlenbeck operator plays an imporatant role in theoretic considerations and we will come
back to this operator in Chapter 3.

1.5. Multiple Wiener Integrals

In this section, we take a closer look at the situation where the Hilbert space H is of the
form L?(T, %, 1) where (T, %, 1) is a o-finite measure space. This in particular includes the

situation of Brownian motion from Example where (T, %, 1) = ((0,00), B((0,00), A).
We recall that the Brownian motion B; was defined as B; := W(l(,). We have then
remarked that one often writes

T
/0 F(8)dBy == W (Lo f)

and calls this the Wiener integral of f over (0,7'). We note that if f = Z]- @l b, is a
step function, then by linearity

/f t) dB(t ZO‘J (Va,p,0) = ZO‘J (Lio,p,1) = W(L(o,a51) Z% Ba;)

so that the Wiener 1ntegral is indeed deﬁned via a certain Riemannian sum. We would also
like to note that {W(h) : h € H} = 4, so that the Wiener integral yields a description of
the first Wiener chaos.
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In this section, we develop a theory of multiple Wiener integrals which will then give
a description of all Wiener chaoses in the important case where our Hilbert space H is an
L?-space. This more detailed information about the Wiener chaos decomposition will then
also yield refined results about the central operators D,§ and L.

Throughout this section, we fix a o-finite measure space (T, %, ) and consider the
Hilbert space H = L?(T, %, 11). We will assume that the measure p has no atoms. We recall
that an atom is a measurable set A with positive measure such that every measurable subset
B of A has either measure zero or the same measure as A. It can be proved that if u has no
atoms, then for every A € # with u(A) > 0 and every r € (0, 1), there exists a measurable
subset B of A with u(B) = ru(A).

Since simple functions are dense in L? the isonormal Gaussian process W is uniquely
determined by the random variables {W(A) : A € &, u(A) < oo} where W(A) := W(1y).
Sometimes this family {W(A) : A € A, u(A) < oo} is called white noise based on p.

We set By :={A € B : u(A) < oo}.

DEFINITION 1.5.1. Let m € IN. The space of elementary functions &,, consists of those
functions f € L%(T™, #™, ™) which are of the form

n

(1.7) Flt e otm) = > @i da, e, (o tm)
i1yeim=1
where n € IN, Ay,..., A, are pairwise disjoint sets in %y and the coefficients a;, ;. are zero
whenever any two of the indices i1, ..., i, are equal.
Thus &, is generated by the indicator functions 1p where B = A1 X --- X A, is a

rectangle in T™ with finite measure that does not intersect any of the diagonal subspace
Ay = {t € T™ : t; = t;}. Note that f(t) = 0 for every f € &, and t € A;;. This
property will play an important role in the definition of the m-fold Wiener integral. Before
we introduce this integral, we note

LEMMA 1.5.2. For m € N, the space &, is dense in L*>(T™, B™, u™).

PRrooF. It suffices to prove that 1p is contained in the closure of &, whenever B =
Ay x -+ x Ay, for certain Aq,..., A, € Py Fix such a set B. Given € > 0, we find pairwise
disjoint sets Et,..., E, with u(E;) < ¢ for 1 <14 < n such that each set A; can be written
as disjoint union of some of the E;’s. This is a consequence of the fact that p has no atoms.
We may assume that |J; E; = |J; A; and denote the measure of the latter set by M.

Having the sets E; at hand, we can now find coefficients ¢;,,._;,. € {0,1} such that

n
1p = Z €ilyernyim LEi| X, X iy, -
i1yeyim=1

Now let I be the set of tuples (i1, ...,y ) where all indices are different and let J be the set
of the remaining tuples. Setting

Ic = E €l yernyim LEi| X, X By -
i1yeeesim €1
Then C' C B and 1¢ € &,. Moreover, we have
1p—1¢ = E Eityoosim LBy X x By

B15eestmE€J

Let us now describe the set J in more detail. We have < ZL > possibilities to pick two

positions 1,...,m onto which we put an identical index, e.e. one of the numbers 1,...,n.
On the remaining positions, we put any one of these numbers.
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With this information, we estimate

L5 = Lellferm = D Cinsimh(Ei) oo u(Ei,)
il,...,imEJ

m n n m—2

< < 5 > ZM(EJ')2<ZM(EJ'))
j=1 J=1

m n m—1 — m

- ( 2 >€<Z”(Ej)> seM 1( 2 )
7j=1
which proves that 1p is indeed contained in the closure of &,,. O

REMARK 1.5.3. Lemma [1.5.2] is not true for measures with atoms. Indeed, consider
T ={0,1} and u({0}) = u({1}) = 1. Then & consists of those functions f with f(0,0) =
f(1,1) = 0. But these functions are certainly not dense in L?(T?).

We now introduce the m-fold Wiener integral.

DEFINITION 1.5.4. For f € &, of the form (1.7) the m-fold Wiener integral I,,(f) is
defined as

n

In(f) = Z iy i W (Aiy) oo W(A,)

115yt =1

We leave it to the reader to verify that the definition of I,,(f) is independent of the
particular representation of the function f. Clearly, the Wiener integral is linear.
Let us note some further properties of the Wiener integral.

LEMMA 1.5.5. Let f € &, and g € &.
(1) Let f denote the symmetrization of f,

~ 1
f(tla-'wtm) = ﬁ Z f(tcr(l)v"‘7tcr(m))'

T 0EGM,
Then In(f) = In(f).
(2) We have
0 if m#£k
E(0.00) - { (P8 g ok
PROOF. (1) By linearity, it suffices to consider f = 14,x..x4,, where Aj,...,A,, are

pairwise disjoint. Noting that
W(Ay) ... - W(Ap) = W(Asw) - W(Agm))
for any o € G,,, the thesis clearly holds in this case.

(2) We may and shall assume that f and g are based on the same partition Ay,..., A,.
We assume that f is given by ([1.7) and

n

g(t1,---,tk) = E , bjl ~~~~~ jk]lAjlx-"XAjk'
J1yenjk=1

First assume that m # k. Note that the product I,,(f)Ix(g) is a sum of terms of the form
i i O W (A ) - WA ) - WA - WA

Since m # k, at least one index in {1,...,n} appears exactly once in the above product.
Since W (A;) and W (A;) are independent for i # j, it follows that the above product has
expectation zero in this case.
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Now assume that m = k. By part (1) we may and shall assume that f and g are

symmetric so that Qi (1) (my = im for all o € &, and similarly for the bv's. We have

B(In(AIn(@) = E[(ml 3 i, W(An) - W(AL,))

11 <t2<--<im
8 (m! Do bk WA W(Ajm))}
J1<g2<<Jm
- (m'>2 Z a/’il,..‘,imbil,...,imu(Ail) et /’[’(A'Lm)
11 <t2<-<im
= ml(f, 9>L2(Tm)

-----

g

Setting f = ¢ in part (2) of Lemma and noting that ||f||L2(Tm) < N fllz2@my it
follows that I,,, is a bounded linear operator from &, to L?() and thus, as a consequence
of Lemma has an extension to a bounded linear operator from all of L?(T™) to L?().
We still denote this extension by I,,,. We also write sometimes

In(F) = [ S0 o) dW (1) AW (b).

In the case where T' = (0, 00) it is also customary to use the differential dBy, ...dBy,,.

Our next goal is to prove that the range of I, is exactly the m-th Wiener chaos J,.
The proof is based on induction and uses a technical tool which we develop first.

Given f € L?(T™) and g € L?(T*) the tensor f ® g is the function f ® g € L2(T™*F)
defined by (f ® g)(t1,.. . tmak) = f(t1, . s tm)g(Emt1s- - tmtk). We also define the con-
traction f ®; g as the function f ®; g € L2(T™+*2) given by

(F @1 9)(t1, - tmsnt) = /Tf(tl, bty 8t sy ) dpa(s)
We have
PROPOSITION 1.5.6. Let f € L?(T™) be symmetric and g € L*(T). Then
In(£)11(9) = In41(f ® g) + mIm—1(f @1 9).

PROOF. First assume that f = ]~1A1X...XAm and g = 1 where Aq,...,A,, are pairwise
disjoint elements of %y. and B € HBy. If B is disjoint from Ay, ..., Ay, then f ® g € &1
and f ®1 g = 0. By the definition of the integral

In(f)1(g) = W(AL) - ... W(Am)W(B) = Im41(f © 9)

which is the thesis in this case.
If B is not disjoint from the A;’s we may and shall assume that B = A;. In this case,

1
FOUGt o tt) = s D0 () L (tned) [ Lty (604, (5) i)
.Ueem

1
o Z La, (1) oo Ty (Bm1) (A1)

L 0€6,0(m)=1
1-
- EHA2XXAm(t1’7tm)/’L(A1)

Next, given € > 0, we find a measurable partition of Ay in disjoint sets By, ..., B, with
wu(B;) < e. We can define

ha = Z I[B1-><Bj><Ag><~-~><Am S (g’m—&—l .
i#]
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We find
Ln(f)i(g) = W(A)*W(A)- .. (ZW ) Ag) - W(An)
= (AW (4y)-. +§W Bj)W(Ag)-...-W(Ap)
+ Y [(W(B;)? — w(B;)|W(A2) - ... W(Ap)
= mj 11(f ®1 9) + Im+1(he) + Re.
Setting M := p(A1) - ... - u(An), we find

ER? =2 Z p(Bj)?(As) ... p(Ap) < 2¢ Z p(Bj)i(Asg) - ... - p(Ay) < 2eM.

Here the first equality follows from the fact that EX* = 30* for X ~ .47(0,0?). Thus the
thesis follows upon € — 0 if we prove that h. — f ® g for € — 0. Indeed we have

lhe = F @ gllzormeny = [Jhe = Tapcscama | gagpmny
= HFLE - ]IA1><A1><A2“'><AmHLQ(Tmel)

< Hha - :H-AlXAlXAQ---XAmHLQ(Tm+1)

n

> u(By)Pu(As) - . p(Am) < eM

Jj=1

which implies the necessary convergence. U
We now obtain

PROPOSITION 1.5.7. Let H,, be the m-th Hermite polynomial and h € L*(T) be of norm
one. Then

7mﬂﬁavm»—1/mhag-”-hamyﬂvug”.mvamy

Moreover, the m-fold Wiener integral maps L*>(T™) onto . Finally, I,(f) = Ln(g) if
and only if f = §.

PROOF. Let us write h®™ for the function h ® - - - ® h with m factors.

We proof the above equation by induction on m. To include m = 0, we set h®% =1 and
let Iy be the identity map on the constant functions Thus the formula trivially holds for
m = 0. For m = 1, we clearly have W (h) = Hi(W = [ h( . Thus assume that
the formula is correct for some m and all smaller values By Proposmon 1.5.6

Lt (RETDY = L (R®™)V I (h) — mIp—1 (h®™ @1 h)
= mHpu(W(h)W(h) = mLy_1 (R V%)
= m!H (W(h)W(h) — m(m — 1) Hy,_1 (W (h))
= mi(m+1)Hni1(W(h))

since (m + 1)Hp41(x) = vHy,(x) — Hp—1(7), see Lemma
For the second part, let Lsym(Tm) denote the closed subspace of L?(T™) consisting of

symmetric functions. By Lemma m ElL,(f)? = m!| f|? 12(rmy for f € L2, (T™). Thus

I,L2 . (T™) is a closed subspace of L?(2) which, by the above contains H,, (W (h)) for

sym
h € H of norm 1. Consequently, %, C I,,L2 . (T™). Since I,,(f) L Ix(g) for k # m, it
) = A O

sym

follows that I,,,L2,, (T™) is orthogonal to %, for k # m, whence I, L?

Sym sym (
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We immediately obtain the following version of the Wiener chaos expansion, which rep-
resents an element of L2(f)) as a series of multiple Wiener integrals.

THEOREM 1.5.8. Let X € L?(Q,%,P). Then there exists unique symmetric functions
fn € L*(T™) with

X =) I(fa).
n=0

Here fo = EX and Iy is the identity on the constants.

1.6. Stochastic Calculus in the White Noise Case

We now proceed to study the special situation where H = L?(T, %, 1) for a o-finite
measure space (T, %, ;1) without atoms. Given a random variable X € D2, the Malliavin
derivative DX is an element of L?(Q; H) which in this special case can be identified with
L?(T x ). Thus the Malliavin derivative can be viewed as a stochastic process {D; X : t € T'}
where D; X is defined almost everywhere with respect to the measure p ® P. Similarly, if
X € D*2 then the k-fold Malliavin derivative D*X is an element of L?(Q; H®*) which can
canonically be identified with L?(T* x Q) whence the derivative D*X can be viewed as a k-
parameter stochastic process {th_,th :t; € T'}. Even more is true. Namely an element of
X of D2 belongs to D*2 if and only if D}, X € D"? for u®*-almost every (t1,...,tx)

and ¢ — EHDthl,...,thH%%Tk) belongs to L*(T). in that case Df,;}...,th = DD}, X

almost surely. Indeed, consider the case k = 1 and let X = f(W(hy),...,W(hy)) € . In
this case

DX = (0if)(W(ha), ..., W (ha))hy(t), DX = (0if)(W(h1),..., W (hn))h;,

i=1 =1
DD X =33 (9,0, 1)(W(ha), ..., W (hn))hi(s)h;(t),
j=11i=1
and
DX =" (9;0;£)(W(h1), ..., W (hn))hi @ hj.
j=11i=1

It follows from the identifications of Tensor product spaces that
E(IX[ + DX} + 1D?X | ign) = E(IXP + [t = DeX|[72¢r) + 1(5,) = DsDiX||7272))

for such X. Thus the claim follows from approximation.

Similar remarks also apply to the divergence operator §. If we view the Malliavin deriva-
tive as an operator from L2(Q) to L?(T x §2), then the adjoint ¢ is an operator on L?(T x )
taking values in L2(2). Thus the domain of § consists of certain stochastic processes. It is
especially in this situation that one calls ¢ the Skorohod integral.

In this section, we study properties of the Malliavin derivative and the divergence oper-
ator in the white noise setting.

Let us start with a result about the action of D in terms of multiple Wiener integrals.

PROPOSITION 1.6.1. Let X € DY? have Wiener expansion X = >0 I,(f,) where
Jn € L2 (T™). Then

(1.8) DX = annfl(fn('vt)) .

n=1
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Before proving Proposition let us give an interpretation. If X is given as a single
multiple wiener integral X = I,,(f,), say

X = fa(ti, .o ity) dW (ty) ... dW (ty,),
T’VL
then ((1.8) says that the derivative of X is obtained by “removing” one of the stochastic
integrals, viewing the variable which is not integrated as a parameter and multiplying with
n. Note that it does not matter with respect to which variable we do not integrate, as the
function f,, is assumed to be symmetric.

PROOF OF PROPOSITION [[.6.1l In view of Proposition it suffices to proof the
result for X of the form X = I,,,(f,,) where f,, is symmetric. We may furthermore assume
that f, € &, say

n

fm - E ail,...,im ]]~Ai1><~~-XAim

i1y =1
where Ay, ..., A, are pairwise disjoint sets of finite measure. Hence

n

X= Y aiq.inW(Ay) .- W(4,,)

i1y im=1

Thus X € . and we have, by definition,

DX = > S ai ila, [[W(4,)

i1yedim=1 j=1 k5
On the other hand,
1 n
]]'Ail XX Agp, (tla t2a ce. atm) = ﬁ H ]]'Aio(k) (tk‘)

€6, k=1

1 m

= m! Z ]lAij (tm) Z H ]lA'ia(k) ()

Jj=1 0€Gm,0(j)=m k#j

1 m
= - Z La,; (Em) g, 4, (B s 1)

This implies that

n

1 m
Im—l(fm('7t)) = Z aily--qimEZ]]'Aij (t) HW(Alk)7
j=1 ki
finishing the proof. (]

i1yeim=1

We give some applications of this result. Let us fix a set A € Z. We put
Ya:=0(W(B): Be%,BCA).

In the particular case where T' = (0,00), where we have defined B, := Lo,q, We can for
example consider A = (0,t]. Then ¥, = o(Bs : s < t). It is more customary to write
Fy =Yy Note that I = (F)i>0 is the natural filtration generated by Brownian motion.
We first compute the Wiener chaos representation of a conditional expectation.

LEMMA 1.6.2. Let X € L?(Q) have Wiener expansion X = > o0 i I,(f,) and A € B.
Then

oo

E(X|Sa) =) In(f215").

n=0
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Proor. It suffices to prove the result for X = I,,(f,) where f, € &,. Moreover, by

linearity, we can assume that f, = 1p,x..xB, where By, ..., B, are pairwise disjoint sets of
finite measure. Thus X = W(By) -...- W(B,). We find

E(X|S4) = ]E(f[l W(B; N A)+W(B; 1 A9)[24)
pt

Il
’:]:

(W(Bj NA)+0)
1

<.
Il

= In(ﬂ(BlﬁA)x~--><(BnﬂA)) = In(fn]l?in) .

Here we have used that the random variables W (B; N A) and also the random variables
W (B; N A) are independent for different values of j and that the former are ¥4 measurable
whereas the latter are independent from 4. O

We can now prove
PROPOSITION 1.6.3. Let X € DY2 and A € B. Then E(X|X4) € D2 and
DE(X[S4) = E(D¢|$4)14.
PROOF. Let X =3 >°  I,(fn). Combining Propositionwith Lemma we have

DtE(X’z:A) = DtZ[n(fn]1®n ZnIn 1 fn ) H®n( ))

- ann L O1G(O)1A(E) = B(DX|S4)1a(2) .

In particular, the last series converges so that indeed E(X|X4) € D2, O
This implies the following

COROLLARY 1.6.4. Let A € B and assume that X € DY2 is ¥ 4-measurable. Then
Dy X =0 almost everywhere on A° x Q.

Let us give an interpretation of this result in the case where T' = (0, 00). We again put
By = W(ly) and #; = o(Bs : s < t). Then if X is .#; measurable, then the Malliavin
derivative DsX is supported in the interval [0,¢], i.e. DsX =0 for s > ¢.

Let us now address the divergence operator. As we have already mentioned above, the
domain of the divergence is a subset of L?(T x Q). If u = u(t,w) € D(§) we will use the
notation

5(u) = /T u(t) W (t)

and call 0(u) the Skorohod integral of the “process” (u(t))er.

We have seen in Proposition that if w € DY2(H), then u € D(5). We will now,
using multiple Wiener integrals, give a full description of the domain of the Skorohod integral.
Given an element u € L?(T x ) we have a Wiener expansion of the form

n=0

where f,, € L?(T™*!) is a symmetric function in the first n variables. Using Fubini’s theorem
and Lemma [1.5.5] (2), we find

E [ a(®du(®) = 3l flliagrnes.-
n=0
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We note that f, is not necessarily symmetric in all n + 1 variables. The symmetrization fn
is given by

= 1

n
Falti,. .. ta,t) = m(f”(“’ ot t) > f(t ottt ,tn,tj)> :
j=1

PROPOSITION 1.6.5. Let u € L*(T x Q) have Wiener expansion u = > oo In(fu (- 1)).
Then u € D(6) if and only if > 7" o(n+ 1)!||fn|]%2(Tn+1) < 00. In that case,

o0
5(“) = Z Iny1(fn) -
n=0
PROOF. Let Y = I,,(g) for some symmetric g. We have

E(u, DY) = E/utDtYd,u(t)
T
= B [ wnla(g0) dut
= 3 [ L) (0 ) die)
m=0

= n /T L1 (a1 (o 8) i1 (9(- 1)) dis(t)
= =D [ (a8 g gy ()

— n!(fn—lag>L2(T") = ’I’L!<fnflag>L2(Tn)

= E(In(fnfl)ln(g)) = E(In(fnfl)y)
After this preliminary computation, first assume that w € D(d). Then the above yields
E(6(u)Y) = E(u, DY) = E(I,(fo-1)Y)

for all Y € J#,. This implies that J,0(u) = In(fn_l). Consequently, d(u) = >, In+1(fn).
In particular, it follows that the latter series converges. By orthogonality and Lemma [1.5.5
(2) BS(w)? = Y2 on + DU alZagmssy < oo
Conversely, if > "> ((n+ 1)!”];””%2@%1) < 00, then Z := 32 I,11(fn) exists in L*(Q).
The preceding computation yields
E(u, DY) = E(ZY)

for all Y € J7,, hence, by linearity, for Y € ®£1V:0 J4,. By continuity, this extends even to
Y € D42 and we conclude that v € D(§) and 6(u) = Z. O

Let us now compare the domain D(J) with the space D¥?(H) which is included in D(4)
by Proposition m The following Lemma gives examples of elements of D(J) which are
not included in D4 (H).

LEMMA 1.6.6. Let A € By and X € L?(Q2) be X¢-measurable. Then X1 € D(8) and
0(X1y)=XW(A).

PROOF. Let us first assume that X € D2, By Corollary DX = 0 almost every-
where on A x Q so that (DX, 14) = [ Dy X1 4(t) du(t) = 0 almost surely. Proposition m
yields that X1 4 € D(§) and

§(X14) = X6(1a) — (DX, 14) = XW(A).
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For the general case, let X,, be a sequence in D2, converging to X in L?(Q2). Replacing X,
with E(X,,|¥4) if necessary, we may and shall assume that X, is ¥ 4-measurable. Observe
that X, 14 converges to X1 4 in L?(Q; H) and §(X,,1 4) converges to XW (A). By closedness
of 6, X14 € D(J) and 6(X14) = XW(A). O

By the remarks at the beginning of this section, if pu(A4) > 0, then X14 € DY2(H) if
and only if X € D2, Thus there are elements in D(J) not contained in DY2(H). Take,
e.g., X = lyy(p)>oy for some set B of positive measure disjoint from A. Then X ¢ D2 by
Corollary since P(W(h) > 0) = 5

We end this section by proving the following extension of the commutator relationship
in Equation (1.3)).

PROPOSITION 1.6.7. Let uw € DY2(H) be such that for almost every t € T the process
s = Dyu(s) belongs to D(0) and such that there is a version of t — 6(Dyu(s)) which is in
L*(T x Q). Then 6(u) € DY2 and

Di(0(u)) = u(t) + 6(Dyu) .

PROOF. We assume that u has chaos expansion u(t) = > °° o I,(fn(-,t)), where f, is
symmetric in the first n variables. Since ]D~1’2(H ) C D(6) by Proposition it follows
from Proposition [1.6.5 that Y~ °  (n + 1)!anH%2(Tn+1) < oo and §(u) =Y 02 Iny1(fn). In
particular, taking Proposition|1.5.7)into account, it follows that J,(6(u)) = In(fn—1). Noting

that ||J,(6(w))||3 = n!|| fr_ 1l 2(7m), it follows that Y- n||.J,(6(u))||3 < oo whence d(u) € D'2
by Proposition [1.2.17] Moreover, by Proposition [I.6.1

o0

Dy(6(u)) = Dx Z In+1(fn) = Z(n + 1)In(fn(‘at))
n=0

n=0

oo n
= Zln(fn(tl,...,tn,t) ) faltye ottt ,tn,tj)
n=0 7j=1

= u(t) + Y nl(gn(-1))
n=0
where

Gn(t,. .o tn,t antl,.. Jl,tt]+1,...,tn,t]~>

Now fix ¢, s € T. Proposition [1.2.17] m yields Dyu(s) = > 02 gnln—1(fn(:,t,s)). For fixed ¢
Proposition [1.6.5| implies that

d(Dyu(s Zn[ on (et

where the function p, is given by

pn(tlv'--ytnvt) = 7an tly" j l7tn)t]+1)°"atn—l7tatj)

= —an (t1y st 1ttty ottty ti) = Gn(- 1)

as f, is symmetric in the first n variables. Together with the above this implies that
D¢(6(u)) = u(t) + 6(Dyu) as claimed. O
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1.7. Ito’s Integral and the Clark-Ocone Formula

Let us consider once again the Skorohod integral ¢ in the situation of the previous
section, i.e. the white noise case. The space D2(H) =: .12 is contained in the domain of
the Skorohod integral. This space coincides with the space of processes u € L2(T x §2) such
that u(t) € DY2 almost surely and Du(t) € L?(T? x Q). LY? is a Hilbert space with norm

2 2 2
ullfre = HUHL?(TxQ) + ||DUHL2(T2><Q)‘
Proposition can be rephrased by saying that for u,v € L1'? we have

(19)  BOWIW) =F /T w(®)o(t) du(t) + E /T /T Dyult) Dyuls) dp(t) dp(s)

Indeed, for Hilbert Schmidt operators S, T" we have tr(ST') = (T, 5*)s. Noting that f®@g* =
g® f, we see that when identifying the tensor product L?(T)® L?(T) with the product space
L?(T?) then the adjoint corresponds to interchanging the variables.

Now we consider the special situation where T' = (0,00). We set B; := W (1) and
consider the natural filtration ' = (F)¢>0 where F = ¥y = o(Bs : s < t). Suppose

that u = v € L2 is such that u(t) is .#;-measurable for ¢ > 0, i.e. the process u is adapted.
In this case, it follows from Corollary that Dsu(t) = 0 for s > t. It follows that
Dsu(t)Dyu(s) = 0 almost surely and equation ([1.9)) reduces to the following Ité-isometry

(1.10) Eé(u)? = E/OO u(t)? dt .
0

Let us consider a special class of stochastic processes, the so-called elementary step-processes.
An elementary step process is a process of the form

n
u= Xl 4
7=1

where 0 < tg < t; < --- < t, and X; € L2(Q,L%j,IP). It follows from Lemma and
linearity that such a process u belongs to the domain of § and

0(u) =Y X;(By, — By,_,).
j=1

Now assume that u,, is a sequence of elementary step process that converges in L?((0, 00) x )
to the process u. The [to-isometry yields that the Skorohod integrals d(u,,) are Cauchy,
hence convergent, in L?(Q2). Thus, by closedness of the Skorohod integral, every process in
the closure of the elementary step processes in L?((0,00) x Q) belongs to the domain of 4.
It can be proved that the elements of the closure are exactly the adapted, square integrable
processes, i.e. u € L((0,00) x Q).

We have thus proved:

PROPOSITION 1.7.1. We have L2((0,00) x Q) C D(6).

For u € L2((0,00) x Q) is customary to write

/0 ult) dB,

instead of d(u) and to call this the Ité-integral of w.

Actually, one can prove the Ito-isometry also directly for elementary step processes. One
can thus develop the It6 integral independently of Malliavin calculus. In this case, the above
results show that any Ito-integrable stochastic process is in the domain of the Skorohod
integral and the Skorohod integral coincides with the It integral.

We now have the following result about differentiability of the It6-integral.



1.7. ITO’S INTEGRAL AND THE CLARK-OCONE FORMULA 31

PROPOSITION 1.7.2. Let u € L((0,7) x Q) and define X := [ u(s)dBs. Then X € D2
if and only if u € LY2. In that case, t — Dyu(s) belongs to L and for t € (0,7) we have

DX = u(t) +/ Dyu(s) dBs
t

almost surely.

PROOF. If u € Y2 then, by definition, D;u(s) exists almost everywhere and is square
integrable. By Corollary Dyu(s) =0 for t > s. Moreover, the representation in Lemma
together with Proposition easily yields that Dyu(s) is .% measurable for ¢ < s.
Consequently, the map s — D;u(s) is adapted. As it is also square integrable, it belongs to
the domain of § by Proposition It follows from Proposition that X € DY? and

DX = u(t) +/ Dyu(s) dBs .
t

Conversely, assume that X € D2, Let u,(t) be the orthogonal projection of u(t) onto
Py, = Hp D -+ ® A, so that u,(t) — u(t) in L*(Q). Note that u, is adapted and square
integrable, hence It6 integrable. We put X, := fOT un (t) dBy. Taking Proposition @ into
account, we see that X, is the projection of X onto &,11. Using the above formula for X,
and the It6 isometry, it follows that X,, converges to X in D2, In particular, its D? norm
is bounded.

Using the above formula, we find

IE/ |D: X, |2 dt = ]E/ u(t)+/ Dyun(s) dBs
0 0 t

_ ]E/ yu(t)|2dt+1a/ / | Dytn(s)[2 dsdt
0 0 t

_ ]E/ yu(t)|2dt+1a/ / Dyt (5) 2 dids
0 0 0
0 0

2
dt

Here, we have used that [ Dyu,(s)dBs is independent of %, hence of u(t) and the It6
isometry in the second equality and Fubini’s theorem in the third.
It thus follows that ]E||Dun||%2((0 y2) 18 bounded and it now follows from Lemma m

that u € L12. O

Let us now consider Brownian motion with finite time horizon 7, i.e. we consider T =
[0,7]. A result by It6 states that any square integrable function X can be written as

X = EX+/ u(t) dB;
0

for a suitable process u € L%((0,7) x ). It is a natural question how to compute the
process u given X. For random variables X € D"? we have the following result, called the
Clark-Ocone formula.

THEOREM 1.7.3. Let T = [0, 7] and set as usual By := W (1) and F; = o(Bs : s < t).
Then for X € DY2 we have

;
X =EX +/ E(DyX|.7) dB; .
0



32 1. STOCHASTIC CALCULUS

PROOF. Suppose that X has the Wiener decomposition X = ">  I,(f,) where f, is
symmetric. Using Proposmon 1] and Lemma [1.6.2] we have

E(D,X|Z) ZnE n—1(fa(, 1) 1) ann (a2

We set u(t) := E(DtXL/t). Clearly, u € L2((0,00) x Q) so that u € D(d). Moreover, It6
and Skorohod integrals coincide. We compute §(u) using Proposition m To that end, let

]l®(n 1)'

us first compute the symmetrization of f, 0.4)

Using that f,, is symmetric, we find

1
= > alto)s -+ s tom) L0ty Fo) -+ - L0100 (Eon1))

’ UGGn

= fn(tb s a n' Z {ta(") max{t1,... tn}}

O’En

1
== an(tl,,tn)

Hence

o
Zn[ fnﬂfg)?l = Li(fa) =X —EX 0
n=1



CHAPTER 2

Smoothness of Probability Laws

The basic question of this chapter is the following. Given a random variable X (or more
generally, a random vector X), when has the distribution of X a density with respect to
Lebesgue measure. In that case, how smooth is the density, i.e. is it continuous, differentiable,
C, etc.

We establish criteria for absolute continuity and smoothness in terms of the Malliavin
calculus established so far. Subsequently, we apply our results to solutions of stochastic
differential equations.

2.1. Absolute Continuity

Throughout this section, we fix an H-isonormal Gaussian process W and the denote the
underlying probability space by (£2, %X, 1P). We assume for convenience that ¥ = Xy .

The following is a simple result about the absolute continuity of the law of a random
variable, based on the duality between Malliavin derivative and the Skorohod integral.

PROPOSITION 2.1.1. Let X € D2 be such that || DX ||y # 0 almost surely and such that
the random variable DX/||DX ||% € D(3). Then the law of X is absolutely continuous with
respect to Lebesgue measure. Its density is given by

DX
t)y=E(1 N ———5) -
p(6) = B(1cg (HDX||%{)>
PROOF. Let ¢ € C.(R) and put ¢(t) := ffoo ¥ (s)ds. Then ¢ is continuously differen-
tiable with bounded derivative ¢ whence, by the chain rule in Proposition m o(X) e D2
and Do(X) = ¢(X)DX. Consequently,

By the definition of the divergence,
DX
Be(X) = B(eX)3 (1))
H
By approximation, the latter formula also holds for ¢ = 1(, ;). Thus

Pla < X < b) :IE</X ]l(“b)(s)ds'é(Hé))%q)) :/abE<H{X>S}6<Hl§))§<H%{>>dS

—0o0

by Fubini’s theorem. This yields the claim. O

EXAMPLE 2.1.2. Let us consider the easiest example where X = W (h) for some h € H
with ||h|| = 1, i.e. X is a standard normal random variable. In this case, X € D!? with

DX = h. Moreover, Y = DX/|DX|% = h € D(§) with 6(Y) = W(h) = X. Thus in this
case, the formula in Proposition [2.1.1] reduces to
p(t) - IE3(X]1~{X>t}) .
And indeed, using integration by parts we find
22 dx

IE(X]l{X>t}) :/t xe_T\/ﬂ = [_ me_%
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Proposition is a first result yielding the absolute continuity of the probability law
of a random variable. Actually, one can prove absolute continuity under much weaker as-
sumptions. This is our next goal. We need some preparation.

Intermezzo: Approximating measurable functions

In this intermezzo, we prove the following approximation result:

LEMMA 2.1.3. Let M be a Polish space, i.e. a complete, separable metric space and p be
a finite measure on its Borel o-algebra B(M). Then given a bounded, measurable function
f: M — R, there exists a bounded sequence f, of continuous functions on M such that
fn = f almost everywhere with respect to p.

Let us recall that every finite measure u on a Polish space is regular, i.e. for every set
A € B(M) we have

w(A) =sup{u(K): K C A, K compact} and pu(A)=inf{u(U): A C U, U open}.
In the proof of Lemma we use the following result which is due to Lusin

LEMMA 2.1.4. Let M be a Polish space, i be a finite measure on its Borel o-algebra and
f: M — R measurable. Then, given e > 0 there exists a compact set K C M with pn(K€) < &
such that f|k is continuous.

PROOF. Let & = {B(¢,n™') : ¢ € Q,n € IN} the collection of all balls with rational
centers and radii of the form n~! (this is a countable basis for the topology). Let (Bg)ren
be an enumeration of &. Since p is regular, given € > 0 we find compact sets K and open
sets U} such that

K, C f7Y(By) cU, and uU;\Ky) < 2 ke

The set A := [y Uk \ K is open as a union of open sets and has measure less than e.
Using again inner regularity, we find a compact set K C A¢ with pu(A°\ K) <& — u(A). It
follows that u(K¢) = u(KNA) + u(A°\ K) < p(A) +e — pu(A) = e. Now let fy be the
restriction of f to A°. Then clearly, fo_l(S) = f~1(S) N A€ for any set S C R. For k € N we
have Uy \ Ky C A and thus Uy N A¢ = Kj, N A°. Tt follows that

U.NA =K NA° C fal(Bk) C UgnNA°.
This proves that the preimage of B under fj is open in A¢, thus fy is continuous. O

PRrooOF oF LEMMA 2.T.3] By Lemma for n € IN there exists a compact subset
K,, C M such that u(K¢) < n~! and such that f|g, is continuous. We assume without loss
of generality that K, C K,1+1. By the Tieze extension theorem, there exists a continuous
function f, such that f, = f on K, and ||fu|lcc < ||f]lcc- This sequence is bounded and
converges pointwise to f on the set | J,, K}, which has full measure. O

We can now prove the following Theorem which yields absolute continuity of the law
under less restrictive assumptions than Proposition Note however, that in that propo-
sition we also obtain a formula for the density, which is not the case under our weaker
assumptions below.

THEOREM 2.1.5. Let X € D2t be such that |[DX || # 0 almost surely. Then the law of

loc
X s absolutely continuous with respect to Lebesque measure.

PROOF. By localization, we can assume that X € D!, We have to show that Elg(X) =
0 for every set £ € #A(R) with Lebesgue measure zero. It actually suffices to prove this
for bounded sets of measure zero (for then dominated convergence yields the result for all
sets of measure zero). Thus, let £ C (—1,1) be a set of Lebesgue measure zero. We
denote the law of X by p. By Lemma [2.1.3] there exists a sequence f, of continuous
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functions on [—1,1] which converge to 1g pointwise almost everywhere with respect to
w+ de. We put ¢n(t) = ffl fn(z)dzx. Then ¢, is continuously differentiable. By the
chain rule (Proposition , on(X) € DY and Dy, (X) = fo(X)DX. Since f, — 1g
almost everywhere with respect to Lebesgue measure, it follows that ¢, (x) — 0 for every
x. Consequently, ¢, (X) — 0 almost surely and even in L!(Q). On the other hand, since
fn — 1g almost everywhere with respect to u, we have f,(X) — 1g(X) almost surely
and thus f,,(X)DX — 1g(X)DX almost surely. By dominated convergence, we even have
fo(X)DX — 15(X)DX in LY(2; H). Since D is a closed operator, 15(X)DX = 0 almost
surely and thus 15 (X)||DX||z = 0 almost surely. Since ||DX| g # 0 almost surely it follows
that 15(X) = 0 almost surely. O

EXAMPLE 2.1.6. Consider Brownian motion (B).c(o] and let M := maxcp 1) B;. We
have seen in the exercises that M € DY? and DM = 1o,+) where ¢* is the almost sure unique

point, where Byx = M. Thus |DM||y = v/t* # 0 unless t* = 0. However, since By = 0
a.s. t* = 0 implies B; = 0 almost surely. But this has probability zero. Thus |DM| g # 0
almost surely and it follows from Theorem that the law of M is absolutely continuous
with respect to Lebesgue measure.

Using the reflection principle (i.e. the strong Markov property) of Brownian motion, it
can be shown that M has the density

2 a2
p(:L‘) = \/%e 2 ]]'(O,OO)(:E)

with respect to Lebesgue measure. This is much more information about M than we obtain
from Theorem However, Theorem merely uses distributional information about
Brownian motion.

We would also like to note that corresponding result is also true for the maximum of
the so-called Wiener sheet which is constructed from an L?((0, 1)?, d)\s)-isonormal Gaussian
process, see [6, Section 2.1.7]. In that situation the law of the maximum process is not
known.

We next turn our attention to the law of a random vector X = (Xi,...,X4). Note that
the requirement that the law of X has a density with respect to d-dimensional Lebesgue
measure is stronger than merely requiring that the law of each X; has a density with respect
to one dimensional Lebesgue measure. Indeed, it could still happen that the vector X is
concentrated on a (d — 1)-dimensional subspace (or even a subspace of lower dimension)
which is a set of measure zero with respect to d-dimensional Lebesgue measure.

As a first attempt to prove absolute continuity of the law of a vector, we try to iterate
the proof of Proposition Note that there we had to normalize DX by dividing by
|DX|%. In the multidimensional setting, we use the so-called Malliavin matriz.

DEFINITION 2.1.7. Let X : © — R? be a random vector whose components X belong to
pLt

loc

for j =1,...,d. The Malliavin matriz - is the matrix with entries v;; = (DX;, DX) ;.

Now assume that X : © — R? is a random vector whose components belong to D2,
We further assume that the Malliavin matrix v is almost surely invertible and the random
variables (y~1);;DX; belong to the domain of §.

We want to repeat the proof of Proposition To that end, let ¢ € Cg’o(]Rd). It
follows from the chain rule, that p(X) € D%? and Dy(X) = Z;l:l(@j )(X)DX;. Tak-
ing the inner product with DX;, we find (Dp(X),DX;) = Z;l:l(@j (X)) (DX, DX;) =

d
2 25—175i(950)(X).

Thus, writing z; = (0;¢)(X) and b; = (Dp(X), DX;), the above gives a system of linear

equations vz = b. Since v is almost surely invertible, we can solve for 2 and obtain z = v~ 1b,
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that is

M=

d
(959)(X) = Y (7 )u(Dp(X), DXy) = (Dp(X),
k=1

(’yil)jkDXk>H .

i

1
The duality between D and 4 yields

d
E0;9)(X) = > B(Do(X), (v 1)xDXy)
k=1

I
M=

E [cp(X)&((rl) jkDXk)]

e
Il

1

(2.1) - E[@(X)(S(zd:('yl)jkDXkﬂ

k=1

To proof the existence of a density, we would like to use the function

T Tq
90($1,7$d):/ / ]]'(al,bl)XX(ad,bd)(t:L?7td)dt1dtd

To be more precise, we would like to find an expression for 0; ... 3d4p, i.e. we have to iterate
(2.1). The problem is that it is not clear whether the random variables Y; := §( Z(vﬁcl DXy))

are such that they belong to D'? and, multiplied with entries of y~!, belong to D(d). We
will tackle this problem in the next section. However, the above computations together with
Proposition below are enough to conclude that the distribution of X has a density
with respect to Lebesgue measure. We have thus proved

PROPOSITION 2.1.8. Let X : Q — R? be a random vector with components in D2 such
that

(1) The Malliavin matrixz v is almost surely invertible;
(2) For everyi,j=1,...,d, the random variable (y~1);;DX; belongs to D(J).

Then the distribution of X has a density p with respect to d-dimensional Lebesque measure.
Let us illustrate this before completing the proof.

EXAMPLE 2.1.9. We consider the general linear stochastic differential equation

dX(t) = AX(t)dt+ BdW (t)
{ X0) = =z

where X is a vector in R™, A € R™*™, B € R™*¢ and W is an d-dimensional Brownian

motion. The initial datum z € R? is nonrandom. It can be proved that the solution of the

above equation is given by X (t) = S(t)zo + fot S(t — s)BdW (s) where S(t) := e and the

latter integral is a Wiener integral. Let us look at the equation

{dX(t) = Y(t)dt
Y ana = (). T

ay(t) = dw(t)
[ i+t —f—ft(t—s)st
X0 = < 1 mZ +f2tst )

o O

which corresponds to the choice m = 2,d = 1 A = (

S(t) = < (1) i > and hence, by the above formula,
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Note that the components of X (¢) belong to D2, in fact, the above gives their Wiener chaos

decomposition. We have
DX(t) = ( - )1(0;}() ) .

Thus

3 2
vy = ( izg t 75/2 ) and hence dety, =t4/127é0

for t > 0. Consequently, v is invertible for ¢ > 0 and hence the law of the vector X (¢) has a
density with respect to 2-dimensional Lebesgue measure.

If, in contrast, we pick A = ( (1) 8 ) and B as above, then the solution is X (t) =
(e'z1, B;) and the law of this vector has no density with respect to 2-dimensional Lebesgue
measure. Note that in this case the Malliavin matrix of X (¢) is given by v = < 00 )

0 ¢
which is not invertible.

Intermezzo: Gagliardo-Nirenberg inequality
In the proof of Proposition we use the following Gagliardo-Nirenberg inequality:

LEMMA 2.1.10. Let d > 1. For f € CL(R?) we have
d 1
1Al < 1_[1 10 f1IT

j:

ProOOF. We write x = (1,...,24). For j € {1,...,d} we have

)| = ‘/ 3jfdf€j‘ < /]R|5jf|d$j =: Fj(z).
Hence

_d_ 1
[f (@)1 < (Fi(x) - Fa(x)) @
Integrating with respect to x; over R, noting that F(z) is independent of x; and using the

generalized Hoélder inequality for Z;l 9 d =1,

)7 SN N
r)|itdr; < Fi(z)at [ F7 - Fj 7 day
R R

A ( [ Plo) )" [ Fite) )™

We now integrate this inequality over R with respect to z9, noting that ( fR Fy(x) dxl) -
is independent of x9 and using again the generalized Holder inequality

/IR/R'f(x)'dildwlda??S /FQ(x)dacl dil(/ Fl(x)dx2>di1
//F3 dx1dx2 a1 //F1 d:z:ldx2> .

Iterating this until we have integrated over all variables z1, ..., x4, we obtain

IN

1

/Ry dldx<H(/ 19, f (x \d:r)r
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REMARK 2.1.11. Note that a corresponding inequality in dimension 1 fails, even if one
is willing to allow a constant in front of the product. This is seen by considering functions
f, supported in (—n, n), say, which are equal to 1 on the interval (—(n —1),n — 1).

We now formulate and prove the following Proposition.

PROPOSITION 2.1.12. Let i be a finite measure on RE. If there exists a constant C > 0
such that for all o € C°(R?) and all j = 1,...,d we have

| [ osed] < Cli.
Rd

then p is absolutely continuous with respect to Lebesgue measure. The density belongs to the
d
space Lda-T,
PRrROOF. We first consider d = 1. Fixing a < b, let
0 if t<a
pt):=¢ t—a if a<t<d

b—a if t>0.
We note that ¢ is not infinitely differentiable. However, we can approximate this function by
Cy° functions such that the estimate in the proposition remains true when we use dp = 1, y.

We hence obtain pu([a,b]) < C(b— a) and this implies that p is absolutely continuous with
respect to Lebesgue measure.

Now consider the case d > 1. The assumption implies that the map ¢ — [ 8¢ du,
initially defined on C2°(R), extends to a bounded linear functional x; on Co(R%). Thus,
there exists a signed measure v; such that x;(¢) = [ ¢ dy; for all ¢ € Co(RY).

In order to prove that p is absolutely continuous, we consider a standard mollifier p,,
say pn(z) = nép(nx) where p(z) = cexp(—(1 — |z|?)7!) for |z| < 1 and p(z) = 0 else. Here
¢ is chosen such that [ pdz = 1. The convolution pj, * p1, defined by

pn * u(z) = /IRd pn(T —y) du(y),

is a bounded, infinitely differentiable function. Moreover, Oy (pp * 1) = (Oapn) * . To obtain
a function with compact support, we multiply with ¥, € C>°(RR?%) which is chosen such that

]l{\x|§m} S ﬁm < ﬂ{\x|§m+l}- By Lemma [2.1.10

d 1
< ; d
I9m (om0l g < TL 0032 on #
‘]:

Note that
9j(m(pn * 1)) = (0j9m) (pn * 1) + In((9jpn) * ) -

It follows from the definition of v; that we can estimate [(0;pn) * p| < |pn * vj|. We thus
obtain
10j0m(pn * )ll1 < N[Vmlloollon * villy + 050mllooll pn * gl

< [Imllsc [willrv + [[050mlloollullTv =: K
where K is a constant independent of n and m. It follows that the set {¥,,(pp*p) : n, m € IN}
is a bounded subset of Lvi%l1 and hence, by reflexivity, relatively weakly compact.
Thus, for every n € IN there is a function f, € Lﬁ and a subsequence my such that
Uy, (pn * ) = fn, as k — oco. Consequently, for g € C, C Ld = (L%)* we have

[otude = i [ g0 (pnsn)da
—00
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= lim [ pp*(99m,)dy= /pn * g du.

k—o0

For the last equality note that by dominated convergence p;,, * (¢¥,,) — prn * g pointwise.
Moreover, ||pn*(99m;)lloo < |lPnllocllgll1- Thus the equality follows from applying dominated
convergence again.

Now note that the sequence f;, is also bounded in Ld%l. Thus there is a function f € L%
and a subsequence ny such that f,, — f. Now let g € C.. Since g is uniformly continuous
on its compact support we find, given € > 0 an n € IN such that |g(z) — g(y)| < & whenever
|z —y| <n~t. Thus

|pn * g(x) — g(z)| < /pn(y)lg(fv—y) —g(x)|dy < 6/pn(y) dy=ce.

This shows that p, * g — g uniformly. Altogether,

/gfd:n: lim /gfnkdx: lim /pnk*gdu:/gdu.
k—00 k—o0
This finishes the proof. O

Also in the case of random vectors, absolute continuity of the law can be proved under
weaker assumptions. The proof, however, is not a generalization of the one-dimensional
proof. We quote the result, due to Bouleau and Hirsch without proof.

THEOREM 2.1.13. Let X = (X1,...,Xq) be a random vector such that X; € ]Dll(;zc’ for
somep>1andj=1,...,d and such that the Malliavin matriz v is almost surely invertible.

Then the law of X is absolutely continuous with respect to d-dimensional Lebesque measure.

2.2. Smoothness of the Density

We now return to the question of finding a formula for the density of a random vector
which was left open in the last section. As we have noted there, we need regularity of
Skorohod integrals to iterate the one-dimensional proof to find such a formula. To that end,
given a Hilbert space V', we define the space D*>(V') by

D*(V) := () () D**(V).
k>1p>1

that is D*°(V') consists of those random elements who have Malliavin derivatives of all orders
and these derivatives lie in all L spaces. Note that .(V) C D*. In the case where V =R,
we merely write ID°°. The following is easy to see:

LEMMA 2.2.1. Suppose that X = (X1,...,X,) has components in D> and that ¢ €
CP(R"). Then o(X) € D> and

n

Do(X) = (9;0)(X)DX;.

j=1
In particular, chosing n = 2 and ¢(x,y) = xy, it follows that D> is an algebra. We now

obtain the following result about the inverse of a matrix with entires in D°.

LEMMA 2.2.2. Let M = (M;;) is an n X n matriz with entries in D*°. Moreover, assume
that M is almost surely invertible and that (det M)~% € LP(Q) for all p > 1. Then the
inverse M~ = ((M~1);;) has entries in D*. Moreover, fori,j € {1,...,n} we have

n
DM ")y ==Y (M )p(M 1), DMy, .
k=1



40 2. SMOOTHNESS OF PROBABILITY LAWS

PROOF. As a consequence of Cramer’s rule, the entries of det M - M ~! are polynomials
in the entries of M, hence elements of D*° by Lemma Moreover, det M, being itself a
polynomial in the entries of M is also an element of D*°. To finish the proof, it suffices to
show that (det M)~ € D*.

To that end, let us first show that det M is either almost surely positive or almost surely
negative. To see this, let ¥, = nl(g /) and @, (t) = ffoo Yn(s)ds. Then ¢,(det M) €
D'2 by the chain rule. Moreover, D¢, (det M) = n1(g,1/n)(det M)D(det M) (well, not
exactly, but we merely need the following estimate which can be proved rigorously, ap-
proximating ,,). We have ||Dy,(det M)||g < [|[X'DX|g < |det M|72||D(det M)||%
which is integrable by assumption. It follows that || Dy, (det M) g is uniformly bounded in
L?(Q; H). Since @p(det M) — 1 g o) (det M) pointwise and also in L?, Lemma yields
that 1(g,c)(det M) € D2, Now Corollary implies that P(det M > 0) € {0, 1}.

We assume without loss of generality that det M > 0 almost surely. The function ¢, (t) :=
(t+n~1)~! initially defined for t > 0 can be extended to a function in C;°(R). Hence, by
Lemma ¢n(det M) € D*®°. Note that o, (det M) — (det M)~! almost surely. Moreover,
using that (det M)~! € |JLP, we see that o, (det M) — (det M)~! in every LP, for p > 1.
Next note that

Dy (det M) = —(det M +n~ 1) "2D(det M) — —(det M) "' D(det M)

pointwise and also in LP as is easy to see using our assumption. By the closedness of the
Malliavin derivative, (det M)~! € D' for every p > 1. In general, the k-th derivative of
©n(det M) can be written as a sum of terms which are multiples products of derivatives of
©n(det M) and higer order Malliavin derivatives of det M. Also these converge in LP(2; H®¥)
so that by closedness we obtain inductively that (det M)~! € D*P for every k,p > 1, i.e.
(det M)~ € D*.

Finally, the formula in the Lemma follows by differentiating the equality MM = 1. O

We next state a result about the regularity of Skorohod integrals that we will use. The
proof will be given in Chapter 3.

THEOREM 2.2.3. Let u € D*®(H). Then u € D(6) and §(u) € D*.

We can now iterate the arguments in the previous section. We use the following notation
for partial derivatives. If f : R? — R is a sufficiently smooth function and a = (ay,...,aq) €
]Ng is a multiindex, then J, f denotes the partial derivative

o™ 0%
dxt T 9l

PROPOSITION 2.2.4. Let X = (X1,...,Xy) be such that X; € D*® for j =1,...,d and
such that the Malliavin matriz y satisfies (dety)~! € LP for all p > 1. Then for Y € D>

and a multiindezr o € N, there exists a random variable Z, = Zo(X,Y) in D> such that
for every ¢ € C]‘)’O(Rd) we have

E[(0.9)(X)Y] = E[p(X)Z.] -

8af = f

Moreover, the random variables Z, are defined as follows. If o = ej, then

d
Zy = 5( (Y'Y_l)jkDXk:) :
k=1
For general o we have

Za+6j(X’ Y) =Ze;(X, Za(X,Y)).

J
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PRrooF. If o = e;, then the same argument as in the last section, cf. equation ,
yields that E[(0a¢)(X)Y] = E[p(X)Z,] for Z,, as in the statement of the proposition.
Lemma m yields that Zizl(nyfl)jkDXk € D*°(H). Thus Z., € D*. This shows that
the thesis is true for & = e;. The general case follows by induction on |«|, repeating the
above arguments. O

DEFINITION 2.2.5. A random vector X = (Xi,...,Xy) is called nondegenerate if X; €
D for j = 1,...,d and the Malliavin matrix v is almost surely invertible with (dety)~! € LP
for all p > 1.

We have now all probabilistic tools at hand to state and prove the main result of this
section. We will also need some facts about the Fourier transform and Schwartzfunctions
which we recall next.

Intermezzo: Schwartz Functions and the Fourier Transform

DEFINITION 2.2.6. A function f : R¢ — C is called rapidly decreasing, if
lim z%f(x) =0

|z| =00
for all multiindices o € IN¢. Here 2% = 2" -. .. -z, A function is called a Schwartz function
if it is infinitely differentiable and the function and all its partial derivatives are rapidly
decreasing. The space of all Schwarz functions is denoted by .7 (R%).

Obviously, the testfunctions C2°(R?) are Schwartz functions. Also f(x) := exp(—|z|?) is
a Schwartz function.
It is easy to see that a C*°-function f is rapidly decreasing if and only if

sup (1 + |2|™)]0af| < 00
zeR4

for all m € N and « € ]Ng. In particular, Schwarz functions belong to LP(IR?) since they can
be majorized by a multiple of the function x ~ (1 + |z|™)~! which is p-integrable if m is
large enough. As the testfunctions are Schwartz functions, .7 (R%) is dense in LP(R%).

DEFINITION 2.2.7. For f € LY(R%), its Fourier transform .7 f : R? — C is defined by
FN© = [ f@etds

where 2§ 1=}, z;&;.

Clearly, for f € L' the Fourier transform is well-defined and a bounded function on C.
We even have

PROPOSITION 2.2.8. (Riemann-Lebesque Lemma)
The Fourier transform defines a bounded linear operator from L'(R?) to Co(RY).

PRrROOF. The continuity of .Zf for f € L' is an easy consequence of the dominated
convergence theorem. Obviously, |.Z flleo < ||f]l1, whence F € Z(LY(RY); Cy(RY)). Tt
remains fo show that for f € L'(R?) we have (ZFf)(¢) — 0 as |€] — oo. In fact, by the
boundedness of % and the closedness of Cj in C}, it suffices to show this convergence for f
in a dense subspace of L', say f € C°(R9).

Let such an f be given and let [¢| > R. Then there is an index j with |£;| > R/Vd.
Integration by parts yields

1 - d
7001 =| [ i e S as| < Ymaxloy s 0

as R — oo. O
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We want to show that .# maps . (R?) bijectively onto itself. Note that if f € .7(R),
then for every multiindex « also the functions d,f and z®f : z +— 2% f(z) belong to . (R%),
which follows immediately from the definition.

LEMMA 2.2.9. Let f € .#(R%). Then # € C®(R%). Moreover, for every multiinder o

(1) O f = (=0)1*1.F7 (2 f).
(2) Z(8af)(€) = il (F 1)(©).

Proor. (1) Differentiability of parameter integrals is a standard application of the dom-

inated convergence theorem. Here, we have

OaFf = 0a /Rd f(z)e ™ do = /]Rd f(2)00e™ ¢ dx
= (=) / 2 f(w)e” " dw = (=) *LF (2° )
R4

where we can interchange differentiation and integration since z®f(z) is integrable as a
Schwartz function.

(2) By integration by parts (note that all boundary terms vanish as 2°f € .Z(R%)) we
obtain

Z(0af)(€) = /R [Baf)(@)e™ do = (=1)*1 f(2)Bae—ing dz = (=1) " (=) (F 1) ().
O
COROLLARY 2.2.10. For f € .#(R%) we have F f € ./ (RY).

PRrROOF. We know already that .7 f € C°°. Thus we need to show that x“0gf is rapidly
decreasing for all multiindices «, 8. As a consequence of Lemma [2.2.9

£ 0p( 7 f) = i1 (=) PL.F (00" f) (€) .
By the Riemann-Lebesgue Lemma, the latter is an element of Cj. O

We can now also compute the density of the standard normal density vy(x) := cqe|71/2
where ¢4 := (21)~%? is chosen such that Jrav(z)de =1.

COROLLARY 2.2.11. We have (F7)(€&) = c;'v(€).

PROOF. First let d = 1. Then v solves the ODE y’ = —zy with initial datum y(0) = ¢;.

By Lemma [2.2.9
0=F0 +ay)=ilFy+i(Fy)

that is .#~ solves the same ODE. Actually, c4%~ also solves that ODE and, moreover,
cg-F7)(0) = ¢q. Thus, as the solution of that ODE is unique, cg. %~y = 7.

In the case d > 1 we use Fubini’s theorem to obtain

d d
Fo() = [ e doy = [J2mie 97 = en().
j=1"R j=1
]
LEMMA 2.2.12. For f € /(R%) we have F.F f(z) = A f(—x).

PrOOF. First note that for Schwartz functions f also the Fourier transform % f is a
Schwartz function. In particular, .#.% f is well-defined. However, when trying to evaluate
the double integral via Fubini’s theorem, we end up with a divergent integral. Hence we use
the following trick.

We set g(x) := e~ (rz) where & € R? and r > 0 are parameters. Then we have

Fo(O) = [ ) de = (F2)(6 +6)
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where we write 7,(z) := vy(rz). Using this and Fubini’s theorem, we find

| Eneaee = [ [ df(a:)g(s)e-mf e de
= [ 1@ dfv—/f D@+ £)

= [ @ @ @) da
= ' [ fey—snt)dy

Here we have used the fact that (F(v,))(€) = r~F~(r~1¢), which easily follows from
substituting z = rx in the integral defining .%. In the last equality we have substituted

y=r"1(z+&).
Now we let » — 0. From dominated convergence, we obtain
| #n©aerds = [ (Zn©e @a0ed=20) [ (ZNET ds =l 27O
R4 R4

as n — oo and that
o [ =&y [ F=6ndy = af(—6)
as n — 00. Now the thesis follows. O
THEOREM 2.2.13. The Fourier transformation is a bijection from .7 (R?) onto itself.
PROOF. By Lemma F* = clidy(ga). This implies that .# is invertible with
F1 = c;4§3. O
This ends our brief digression.

The following is the main result of this Section.

THEOREM 2.2.14. Let X = (Xq,...,Xy) be a nondegenerate vector. Then the law of X
has a density p € . (R?) with respect to d-dimensional Lebesque measure.

PROOF. As a consequence of Proposition the law of X has a density p with respect
to d-dimensional Lebesgue measure. We denote the Fourier transform of p by u. Thus

u(§) = /le p(x)e ™ do = Be ¢ =: By (X)

where ¢¢(r) = exp(—iz€). If A = ZJ 1 05 2 denotes the Laplace operator, then Ak@g
€|?Fp¢. Tt follows that

€Fu(e) = / p() Ak ipe() d = EAF g (X)
]Rd

As a consequence of Proposition [2.2.4] there exists a random variable Z € D* such that the
latter equals E[p¢(X)Z]. Tt follows that |¢|*|u(¢)| < E|Z| which implies that u is rapidly
decreasing.

To take care of the derivatives, first note that E]|X;|% < oo since the coordinates X
belong to any LP. It follows that polynomials in d variables are integrable with respect to
p. Now a well-known result about differentiability of parameter dependent integrals yields
that w is a differentiable function of £ and for any multiindex o we have

Dau(€) = /R () (i) i) da
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Combining this with the above,

€[ Dau(€) = /Ide(w)(—ix)aAksos(ﬂf) d = E(Appe) (X) (=i X)" = Epg(X)Z

for a certain Z € D, It follows that also the partial derivatives are rapidly decreasing,
hence u € . (R%). By Theorem [2.2.13]it follows that p € . (R9). O

2.3. Stochastic Differential Equations

The main application of the results established so far is to solutions of stochastic dif-
ferential equations. Here, our underlying isonormal Gaussian process is of the form H =
L?((0,00); RY) (or H = L?((0,7); R?) if we consider a finite time horizon 7) so that we can
consider a d-dimensional Brownian motion By := (B}, ..., B{) on our underlying Probability
space. ‘

We will also consider the natural filtration F = o(Bl : s < t,j = 1,...,d). Actually,
the theory of stochastic differential equations is based on the It6 integral and uses heavily
the fact that It stochastic integrals are martingales. To avoid technical difficulties about
measurability, it is customary to assume that the given filtration satisfies the usual conditions,
i.e. Z#y contains the P-null sets and the filtration is right-continuous. It is well-known (see,
e.g., Section 2.7 in [4]) that the augmentation IF of the Brownian filtration by the null sets
is right-continuous, it thus satisfies the usual conditions.

This additional assumption does not pose difficulties for the Malliavin calculus. Indeed,
the basic result involving measurability, Theorem about the Wiener chaos decompo-
sition, remains valid when Xy is replaced with its augmentation by the P-null sets.

Intermezzo: SDE — Existence and uniqueness of solutions

In this intermezzo, we recall some standard results about stochastic differential equations.
For more information, we refer the reader to standard literature, e.g. [4, [7].
We will consider m-dimensional stochastic differential equations of the form

{dX(t) = B(t, X () dt + Y, Vj(t, X (1)) dB]
X(O) = Xy

A solution of this equation is always understood in integrated form, i.e. a solution is an
m-~dimensional stochastic process X so that for every ¢t > 0 we have

t d t
X(t):m0+/0 B(S,X(s))ds+z/0 Vi(s, X (s)) dB?
j=1

almost surely where the latter are Ito integrals. The process X has to be such that both
integrals are well-defined. As a matter of fact, we will only be interested in equations
where there is a solution X which has continuous paths (which, together with a continuity
assumption on B will yields that the deterministic integral is well-defined pathwise) and also
belongs to the space L ((0, 00) x Q; R™) (which together with a continuity assumption on the
V;’s will yield that the integrands in the stochastic integrals belongs to L ((0, 00) x ; R™),
hence to the domain of the It6 integral, see Section

The proof of existence and uniqueness of solutions to stochastic differential equations is
an application of Banach’s fixed point theorem. However, it also uses additional properties of
the (one-dimensional) It6 integral, namly that if ¢ € L%((0,T) x ) then the integral process
M(t) := fot ¢(s) dBs is a continuous martingale with quadratic variation process (M); =
f(f l#(s)||? ds. Let us recall that the quadratic variation of a continuous local martingale M
is the unique adapted and increasing process (M) such that M? — (M) is a local martingale.

The martingale property allows us to employ the following results in the proof of existence
and uniqueness.
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THEOREM 2.3.1. (Doob’s mazimal inequality; [3, Proposition 7.16])

Let (M(t))¢cpo,r) be a continuous martingale on some stochastic basis and p € (1,00).
Then

E( sup [M(0)F) < (-2 ) BIMT)P.
t€[0,7) p—1

THEOREM 2.3.2. (Burkholder-Davies-Gundy inequality; [3, Theorem 17.7])

Let p € (0,00). Then there exist constants c,,Cp, > Osuch that for every continuous
martingale (M (t))¢eo,r] we have

Nk

SE(M)2 <E sup |M(t)]P < C,E(M)
t€[0,T]

We now make the following assumption

HYPOTHESIS 2.3.3. Let, d,m € N, 7 >0 and B : (0,7)xR™ — R™ and, forj=1,...,d,
Vi :(0,7) x R™ — R™ be measurable maps such |B(-,0)| and |V;(-,0)| are bounded, say by
C and there exists a constant L with

d
B(s,2) — Bls,y)l + 3 [Vi(s,2) = Vi(s.0)| < Ll —y| for all s € (0,7) and.a,y € R™
j=1
THEOREM 2.3.4. Assume Hypothesis . Moreover, let p > 2 and xo € R? Then there
exists a unique continuous, adapted process (X (t)).e(o,r such that for everyt € [0, 7] we have

t d
X(t)—xo—i—/o B(s,X(s))ds+Z/0 V;(s,X(s))dB!
j=1

almost surely. Moreover, there exists a constant C, depending only on p, T, xo,C and L such
that
E sup [X(t)P<C.
t€[0,T]
PrOOF. We consider the Banach space E = LL(€2; C([0,T]; R™)) of continuous, adapted
R™-valued process which are p-integrable. We claim that the map ®, defined by

t d_ rt '
O(X)(t) := xo—i—/o B(S’X(S))d3+2/(] Vj(s, X (s))dB]
j=1

maps F to itself. Indeed, the constant xg belongs to E. The deterministic integral is clearly
continuous and adapted. Moreover,

IE sup ‘/OtB(s,X(s))ds < Tp_1E/0T|B(s,X(s))‘PdS

’P
te[0,T]

T
< TplE/ (C+ L|X(5))P ds < 00
0

As for the stochastic integral, first note that as a consquence of our assumptions, the inte-
grand has components in L((0,7) x Q) whence the stochastic integral defines a continuous
martingale. As a consequence of (vector valued versions of) Doob’s maximal inequality and
the Burkholder-Davies-Gundy inequality,

p p

< (29)El ] V(s X(5)) dB]

t
E sup ’/ V;i(s,X(s))dB?
tel0,7] ' JO

ya
2

< c;m(/0T|vj(s,X(s))\2ds)
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1B —1 T
< O [ Vs X ()P

T
< c;,Té’llE/ (C + L|X (s)|)P ds < oo.
0

Altogether, this shows that ® maps E to itself as claimed.

Arguing similarly, i.e. considering the deterministic and the stochastic integral separately
where for the stochastic integral we use Doob’s maximal inequality and the Burkholder-
Davies-Gundy inequality, one shows that there is a constant K, such that for 0 <r < T we
have r

E sup [®(X)(t) — ®(YV)()P < Kprp_l/ E|X(s) —Y(s)[Pds.
te[0,r] 0
This implies inductively that

Kn mn
12(X) = 2(Y)lle < ——— X = Y&
Now Banach’s fixed point theorem implies that ® has a unique fixed point X,. O

This ends our brief intermezzo. We now return to the problem of proving that solutions
of stochastic differential equations belong to D> := Np>1 IR

The basic strategy for the proof is as follows. The proof of Theorem shows that
the solutions of a SDE can be approximated (in LP) by the Picard iteration. Thus to proof
that the solution belongs to D% it suffices to show that the Picard approximations belong
to DIP for every p and that the derivatives are bounded in LP(£2; H). In this case Lemma

yields the claim.

To prove that the Picard iterates are smooth, one proceeds inductively and uses the
Lipschitz condition on the coefficients and the chain rule and Proposition about
the differentiability of It6 integrals. Note, that the latter is a Hilbert space result, i.e. it can
only be used for p = 2. To overcome this, we will also use the following result, which will be
proved in the next chapter.

PROPOSITION 2.3.5. Let p > 1 and X € DY'*¢ for some ¢ > 0 be such that X € LP()
and DX € LP(Q; H). Then X € D'P.

We now have the following result about differentiability of solutions of stochastic differ-
ential equations.

THEOREM 2.3.6. Assume Hypothesis let zo € R™ and let (X (t))se(o,r] be the unique
solution of the SDE

t d . rt '
X(t)—w0+/0 B(s,X(s))ds—l—Z/O Vi(s, X (s)) dB
j=1

which exists as a consequence of Theorem m Then the components X;(t) belong to D1
for 3 =1,...,m and we have

sup [E sup ‘foXj(s)‘p < 00
0<r<t r<s<t
forallp and k=1,...,m.
Moreover, there exists uniformly bounded and adapted m-dimensional processes ag; and
bi, fork=1,...,m andl =1,...,d, such that the derivative DI X (t) satisfies the stochastic
equation

m t m d t
DIX(t) =Vj(r,X(r)+ > / br(s) DIXp(s)ds +> Y / a1 (s)DIX(s)dBL.

k=1 k=11=1""
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In the case where the coefficients V; and B are continuously differentiable, the processes ay
and by are given by

ari(s) = (OkVi)(s, X(s)) and by = (OB)(s, X(s)).

PRrROOF. We consider the Picard iterates X,,, defined inductively by Xo = z¢ and X, 41 =
®(X,,) where @ is as in the proof of Theorem [2.3.4]

We claim that components of X,,(t) belong to D> for all n and ¢ € (0,7). Moreover,
if we set ¥n(t) := supg<,<; Esupyep g [Dr X (s)[P, we claim that ¢, (t) < oo and there are

constants ¢, ¢g such that ¢, 41(t) <c1 + 2 fg U (s) ds.

This is certainly true for the constant zg. Now assume that it is true for X, (¢) for all
t € (0,7). By the chain rule for Lipschitz functions in Proposition [1.2.9] B(s, X,(s)) and
V;(s, Xn(s)) belong to D>°. Moreover, there exist random vectors b™"*(s) and a™%3(s)
which are bounded by L such that
m m
D, [Bi(s, Xn(s))] =Y _b™"*(s)D,X}(s) and D,[Vj(s,X(s))] =Y _a™"*(s)D,X}(s).
k=1 k=1
The proof of Propositionshows that ™%* and a™"7* are obtained as a weak limit of .%,-
measurable random variables and are thus .%#,-measurable themselves. It follows that the
processes (D,B(s, Xn(5)))r<s and (D,Vj(s, X, (s)))r<s are adapted and square integrable.
By Proposition fg’ Vj(s, Xn(s)) dBI € D2 and

Dy [ Vil X(o) dBL = Vi(r X)) + [ D1V, X)) .

Now note that for p > 1 the right hand side belongs to LP(€; L?(0,7)) where the second
integration is with respect to 7. Indeed, for the first term on the right hand side this follows
from the Lipschitz assumption on the V; together with the integrability properties of X,,. For
the stochastic integral, this follows from the Burkholder-Davies-Gundy inequality, standard

estimates and the boundedness of v,. ‘

It follows from Proposition that fOth(s,Xn(s))dBﬁ € DY, As for the deter-
ministic integral, it is a consequence of the closedness of the Malliavin derivative on L?
that integration and differentiation can be interchanged. Now a similar argument as above
shows that the deterministic integral belongs to D>, By the definition of ®, it follows that
Xpi1(t) € DYoo,

Moreover, standard estimates show that

t

E sup D, Xy (s)]7 < ey + 777117 / B|D, X, (s)]| ds
s€[rt] r

where v, = sup,, ; Esup,c(o,-) [Vj(s, Xn(s))[P. Since X, converges in LP(€; C([0,7])), it is

bounded in that space and the Lipschitz assumption on V; yields that ~, is finite.

This shows that ¥, (t) < ¢1 + co fg ¥n(s)ds. Taking into account that ig(s) = 0, it

follows inductively that ¥, (t) < ¢ Z?:o % In particular, the 1, are uniformly bounded
on (0,7) whence the sequence of derivatives is bounded in LP(€2; H). It follows from Lemma
that the components of X (¢) belong to D%*. The stochastic equation for the Malliavin
derivatives follows by differentiating the SDE, taking into account Proposition [1.7.2| and the
chain rule. 0

In the case where the coefficients B and V; are C°° with all partial derivatives bounded,
the above argument can be iterated to show that X(¢) has also higher order Malliavin
derivatives in every LP. The actual proof contains no new ideas but makes it necessary to
keep track of rather involved notations for the higher order derivatives. We omit it here and
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refer the reader to [6, Lemma 2.2.2 and Theorem 2.2.2] for more information. However, we
formulate the result:

THEOREM 2.3.7. Assume Hypothesis[2.3.3 and, additionally, assume that the functions
B and V; are infinitely differentiable functions of x with all partial derivatives bounded. Then
the unique solution of the stochastic differential equation

t d st
X(t) :a:0+/ B(s,X(s))ds+Z/ Vj(s, X (s)) dB!
0 —1 /0
j=1
has components in D>.

2.4. Hormander’s Theorem

By what was done so far, the solutions of stochastic differential equations with smooth
coefficients have components in D*°. Theorem shows that to conclude that the law
of the solution has a smooth density with respect to m-dimensional Lebesgue measure, we
need to show that the Malliavin matrix v is almost surely invertible with (det~)~! € LP for
all p > 1.

To insure the latter, we need an extra assumption on the coefficients. In fact, whether
or not the solution has a density with respect to m-dimensional Lebesgue measure somehow
depends on “algebraic” properties of the fields B and Vj. For example, if B = V; = 0, then
the solution X = z¢ has degenerate distribution.

Moreoever, there is a difference between B and Vj. Indeed, if m = d = 1 and B = 0 and
V1 = 1, then the solution is Brownian motion and has a smooth density. If, on the other
hand, B =1 and V5 = 0, then the solution is a deterministic function and has degenerate
diestribution.

We can also take another look at Example In the first example discussed there, we
have B(z,y) = (y,0)* and Vi(z,y) = (0,1)*. We have showed that in this case, the solution
has a density with respect to 2-dimensional Lebesgue measure.

On the other hand, in the second example discussed, B(z,y) = (x,0)*, Vi(z,y) = (0,1)*
the solution fails to have a density with respect to 2-dimensional Lebesgue measure.

Note that the only difference between these to examples is in exchanging an x for a y.

The “correct” condition to ensure invertibility of the Malliavin matrix goes back to
the seminal work of Hérmander [2] on hypoelliptic differential operators. We recall that a
differential operator A is called hypoelliptic, if for a distribution u the statement Au € C'*
implies that u is in C°°. Hormanders condition is formulated in the language of differential
geometry.

A (smooth) vector field on R™ is a map U : R™ — R™ with C*° entries. Given two
vector fields U and V, the Lie Bracket [U,V] is the vector field defined by [U,V](z) =
DV(z)-U(x)—DU(z)-V(x), where DU is the derivative matrix with entries (DU );; = 0;U;
and “” is matrix-vector multiplication.

In this section we will consider coefficients B, V1, ..., Vy as in Hypothesis but inde-
pendent of time and infinitetly differentiable with bounded partial derivatives. Given such

coefficients, we put
d

1
%::Bfiz:DVj'V}.
7j=1
This vector fields appear when rewriting our stochastic differential equation in Stratonovich
form. We now introduce Hérmander’s condition.

DEFINITION 2.4.1. Define Sy := {V4,...,Vy} and, inductively,
Ska1 = SkU{[U,Vj] U € Sk, j :0,1,...,d}.
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Moreover, we put ¥ (z) := span{U(z) : U € Si}. We say that B,Vi,...,Vy satisfies
Hérmander’s condition if Uy~ 7k (x) = R™ for all z € R™.

EXAMPLE 2.4.2. Let us again consider the situation of Example where B(z,y) =
(y,0)* and Vi(x,y) = (0,1)*. Note that in this case DV; = 0, so that Vp = B. Then we have
So = {(0,1)*} so that ¥1 = R(0,1)*. As for the commutator [Vi, Vo], we find

[Vl,vo](w,y)—<8 é)<0>_<8 8)(‘8)‘(8)

so that #2(x,y) = span{(0, )*, ( ,0)*} = R? so Hérmander’s condition is satisfied.
On the other hand, if B(z,y) = (z,0)* and Vi(z,y) = (0,1)*, we have

Www( o) (1) 5)(5)=(3)

so that % (x,y) = ¥ (z,y) = . Note that also further “bracketing” yields does yield
a larger space (we either bracket [Vl, VO] = 0 or [V, V1] = 0 trivially). Thus in this situation,
Hoérmander’s condition is not satisfied.

We can now formulate the main result of this section, which can be though of as a
probabilistic version of Hormander’s theorem.

THEOREM 2.4.3. Let m,d € N, x9 € R™ and B,Vy,...,Vy : R™ — R™ be Lipschitz
continuous with C'°° components such that all partial derivatives are bounded. If Hormanders
condition is satisfied, then the law of the solution X (t) to the stochastic differential equation

(2.2) X(t) =z +/0 ) ds + Z/ )) dBJ

has a density pt(x) € L (R™) with respect to m-dimensional Lebesque measure.

In view of Theorem [2.3.6]and Theorem [2.2.14] to prove Theorem it suffices to prove
that the Malliavin matrix 7 is almost surely 1nvert1ble with (dety)~! € ﬂp21 LP(Q2). To that
end, we will use the following

LEMMA 2.4.4. Let M be a random, symmetric, positive semidefinite matriz with entries
in (N>, LP(). Assume that for p > 2 there exists a constant Cp, and an €y, > 0 such that
for 0 < e < e, we have

sup P(z" Mz <¢) < Cpe? .
|z[=1

Then (det M)~! € Np>1 LP(SY).
PROOF. Let A := inf;—; "Mz be the smallest eigenvalue of M. Then A™ < det M.

Consequently, it suffices to prove that IEA™? < oo for all ¢ > 2 as this entails the assertion.
Noting that

EA 7= / g PN > t)dt) = / gt PN <t dt
0 0

we see that it suffices to show that fpr p > 2 there exists a constant C' such that P(\ < ¢) <
CeP for all € small enough.

Given € > 0 we can cover the unit sphere {|z| = 1} by finitely many balls of radius 2.
We thus ﬁnd Z1,...,Ty such that for every x with |z| = 1, we find a k € {1,...,n} with
|z — a2y < €2 Cleary, n can be bounded by a constant times =™,

Now let = with |z| = 1 be given and pick k with |z — 2| < 2. Then

<x,MJ)> = <3§‘k,M.%’k> <Z’ - LUk,M33'> <Z’ - -’Bk,Mﬂfk) - <l’k,Ml’k> - 2”]\4”52 .
Consequently, {||M|| < e '} nNi_{z; Mz > 3e} C {z*Mx > ¢ V|z| = 1}. Thus
PA<e) = P({3|z]=1:2"Mz <e})
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n
< P(IM|| =)+ PlajpMay < 3¢)
k=1
< ePE||M|P +n sup P(z* Mz < 3¢).
|z|=1

Note that || M]|P is finite, since M has entries which belong to all LP’s. And our assumption
imlies that the last sum is bounded by a constant times neP?*?™ for e < €p+2m- Noting that
ne?™ is bounded, we are done. O

Intermezzo: Ito’s Formula

Before proceeding, let us briefly recall 1t6’s formula. It will be convienient to formulate
1t6’s formula basis free, i.e. we consider processes taking values in a finite dimensional vector
space E. Moreover, we assume that B, ..., B? are independent Brownian motions and we
are given an FE-valued stochastic X process which has the representation

t d
X(t) =0 —i—/o o(s)ds + Z/o ®;(s)dBY.
j=1

Here, ¢, ®; € L%((0,00) x Q; E). Finally, we are given a twice continuously differentiable
function f : E — F to another finite dimensional vector space F. We recall that the
derivative f’ takes values in Z(E,F), the (bounded) linear maps from F to F. Picking
bases, f’ can be identified with the Jacobian matrix whose entries are the partial derivatives
of the components of f. Applying the linear operator f'(z) to the vector h € E is expressed
by mere concatenation: f’(xg)h. The second derivative f” takes values in £ (E, Z(E,F))
which can canonically be identified with the bilinear maps from F x E to F. We write
f//(xo)[hs, hg} for (f”(x[))hl)hg.

With these notation at hand, It6’s formula asserts that the stochastic process f(X) can
be represented in the form

t d ¢
f(X (1) =f(ﬂfo)+/0 f/(X(S))sO(S)dSJrZ/O f'(X(s))®(s) dB]
j=1

d ¢
¥ ;g | 71,9500 s

After this brief excursion, let us now look at the Malliavin derivative itself. If we put
v = (745(t)) then, by definition,

d
753 (t) = (DXi(), DX;(1) 12 ((0.mymey = D /0 DFX,(t)DFX;(t) dr .
k=1

As a consequence of Theorem we have stochastic equations for the Malliavin derivatives
DFX;(t). However, inserting these into the equation above yields integrands which are
not adapted. Our next task will be to establish a different representation of the Malliavin
derivative, involving an integral over an adapted process, thus enabling us to use some results
about It6 stochastic integrals.

To that end, let Y (¢) be the matrix valued process which solves the stochastic equation

t d ot '
Y () :I+/O B’(X(s))Y(s)ds+Z/o V/(X(5))Y (s)dBI.
j=1

Formally, Y can be thought of as the derivative of the solution X (t) = X (¢, z) with respect to
the initial datum z( (differentiate the equation solved by X with respect to xy not worrying
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about interchanging differentiation and integration!) This actually can be made precise,
however we can also take the above equation as the definition of Y.

We claim that Y (¢) is almost surely invertible. If that was the case, then we can (formally)
obtain a stochastic differential equation for Y (¢)~! from It&’s formula. Indeed if we define f
on the invertible matrices by f(A) = A~!, then f is twice continuously differentiable with
f(AH = —A"YHA™! and f"(A)[Hy, Ho) = 2A"'H{ A" H A7, Thus 1t6’s formula yields,
formally,

t d t
R - s)71B s s)"lds — s) v/ s s)Y(s)"tdBJ
vyl = T AYU<MM»W)d gAme%wm«WU<&

d
+ Z/O Y (s) VI (X ()Y (s)Y (5) TV (X(5))Y (5)Y (5)17  ds.
=1

Performing some calculations, we would thus expect that Y (¢)~! is the solution Z of the
following equation:

t d
(2.3)  Z(t) = 1—/0 Z(s)B'(X(s)) = Y Z(s)V](X(s))* ds — ZZ W/ (X (s))dBY.
j=1

As this equation has coefficients of linear growth, it can easily be proved that this equation
does, in fact, have a unique solution Z(t). By Itd’s formula (applied to the map f(A, B) =
AB) we find

ZAY(t) = I+/tZ( )B'(X (s) ds+z/ (s))Y (s) dB?

_ / Z(s)B'(X(s))Y (s) ds+z / 2(s)V (X (5)2Y (s) ds
0 = Jo

d

t d t
—ZAﬂmwmwww&ZJﬁ@wﬂmmﬂmmws
j=1

j=1
= 1.

By linear algebra, Y (¢) is almost surely invertible and Y (t)~! = Z(¢).
We claim that D} X (t) = Y ()Y (r)"'V;(X(s)). Indeed, we have

)/H Y ()Y ()5 (X (1)) ds
d t
+zé; Y ()Y (1) V(X (r)) dB]
- +UE @+zw () dBi] Y () V(X ()
_ ) + [V (1) }m1w<m=wwwwwmm»

Thus Y (t)Y (7") 1VJ( (s)) solves the same stochastic equation as, according to Theorem

does D} (X (t)). Thus the two are equal as claimed.
It follows that

DX (1) (D X (t))" dr
>l
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d_ -t
= Z/O Y (Y () V(X)X (r) (Y (r) 7)Y ()" dr

d ¢

t)Z/O Y (r) V(X () V(X () (Y (r) ) drY (1)
j=1

= Y@)C)Y(t)".

We have now achieved our goal. The matrix C(¢) is a sum of integrals over adapted
processes. Moreover, the matrix Y (¢) is almost surely invertible. Finally, we have a stochastic
differential equation for its inverse which shows that (cf. Theorem that the entries of
the inverse have finite moments of all orders. In particular, it follows that (det;)~! belongs
to all LP’s if and only if (det C'(t))~! belongs to all LP’s.

By the observations made so far, Theorem follows at once from the following The-
orem.

THEOREM 2.4.5. Under the assumptions of Theorem [2.4.3, for every p > 2 there exists
a constant Cy, and an g, > 0 such that for 0 < e < e, we have

sup P(z"C(t)x <e) < CpeP.
|z|=1

We next explain how the brackets [V, Vj] corne into play Fixing x with |z| = 1 and
glven a smooth vector ﬁeld U, let us write Zy(t) := (z,Y(¢)"'U(X(s))), where X solves

and Y1 solves . Then we have

d t
- Z/o (2, Y (1) W3 (X )V (X (1) (Y (1)) ") dr
(2.4) =1

d ot
:Z/ \Zy, () dr
j=170

Moreover, using equations (2.2)), (2.3) and Itd’s formula, we can compute Zy explicitly:

Y()T'UX() = Uz +Z/ Y(s)7H[U'V; - VJU]dB]
+ tY() '[U'B - B'U]( ds+Z/Y LVIVIU] (X (s)) ds
0
d
/ CRW (), V(X (s))] ds

Observe that U'V; — V;U = [V;,U] and U'B — B'U = [B, U]. Moreover, a somewhat tedious
but straightforward computation shows

d
L 1
Vo, U]+ 3 3 (Vi [V U)) = [B,U) = S (ViViU + 3U"[V;, Vil = V/OV))
Jj=1

J:1
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so that alltogether, we have

' d
YO V) =Ulan) + [ Y (Vo UL+ 5 3 ViV U (X () ds

Taking inner products with x, it follows that Zy satisfies the following stochastic equation

t d -t
@5) 200 = @0+ [ Zyyuy g @)+ X [ 2w on(s) d-
j:

Motivated by the above equation for Z;, we introduce the sets S; and the vector spaces
Vi (z) as follows:
We put Sj) := Sp = {Vi,...,V4} and then, inductively,

d
> Vi v UL U € St}

J=1

Star 1= {[Vis UL =1,...,d,U € 84 [Vo, U] +

l\')\»i

Moreover, #}/(z) := span{U(x),U € Si}. It is better to use the vector spaces ¥} () rather
than 74 (x) due to the above equation for Sy. This equation, in turn, is a consequence of
our using Ito integrals rather than Stratonovich integrals.

We can now sketch the strategy for the proof of Theorem |2 We need to proof that
x*C(t)x gets small only with small probability. At to get the 1dea of the proof, let us assume
that we would like to prove the (deterministic) statement that z*C(t)x # 0. Aiming for a
contradiction, assume that x*C(t)z = 0 for all x with |x| = 1. Then equation implies
that Zy, =0 for j = 1,...,d. Equation gives the semimartingale decomposition for
Zy;. As this decomposition is unique, it follows that both the martingale part and the
bounded variation part are zero. Consequently, Z[Vo,Vk]—F% SV Vi Vi) =0fork=1,...,d
and Zpy. y;) = 0 for j,k = 1,...,d. Stated differently, if Zy = 0 for U € S, then
implies that Zyy = 0 for all U € S. Inductively, Sy = 0 for U € S}, for all k& > 0. It would

thus follow that 0 = Sy(0) = (z,U(zg)) for all U € (Jy~o ¥ (z0). As the latter is all of R™
by Hérmander’s condition, it follows that = 0 — a contradiction.

For the actual proof of the theorem, we need a “qualitative version” of the above argument
and thus a “qualitative version” of the semimartingale decomposition. This result is due to
Norris [5] and somtimes referred to as Norris Lemma. In order to highlight the above
strategy, we follow Hairer [1] for the proof. In particular, we make use of the notion of
“almost truth” and “almost implication” introduced there to streamline the proof.

Given a family A = (A:).¢(o,1) of events we say that A is almost false if, for every p > 1
there exists a constant C), such that P(A.;) < CpeP for all € € (0, 1]. We say that it is almost
true if A° = (Af)ce(0,1) is almost false. Given two such families A and B, we say that A
almost implies B and write A =, B if A\ B = (A. \ B:) is almost false.

EXAMPLE 2.4.6. If X €5, LP, then ({|X] < e7"}) is almost true for every r € (0,1).
Indeed, by Chebyshev’s inequality P(|X| > ¢™") < ¢"E|X|? so that for p > 1 > r we can
choose C), = E|X|".

We will use this notions to formulate our version of Norris Lemma [2.4.8 below. In the
proof, we use the following estimate, in which ||f||, refers to the best possible a-Hdélder

constant of f, ie. ||f]la = supy_, [t — 5|21 f(£) — [(5)].
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LEMMA 2.4.7. Let f : [0,1] — R be continuously differentiable, o € (0,1] and assume
that f' is a-Holder continuous. Then

_a 1
1 oo = 1£ 11 < 4l flloa™ 1f ™ -

PROOF. Let us first note that if | f’| > r on some closed interval [a, b], then at some point
t1 € [a,b], we have |f(t1)] > r(b — a)/2. To see this, first note that by continuity, f’ does
not change its sign on [a, b] so that we can assume without loss of generality that f' > 0 on
[a,b]. If |f(a)| > r(b— a)/2, then we are done. Otherwise, f(a) > —r(b — a)/2. In this case

b b
f(b):f(a)+/ f’(s)d5>r(ba)/2+/ rds=rb—a)/2.

Now let ¢ty be such that |f/'(to)] = ||f']lcc. By the definition of Holder continuity, if

1
[t < @S NGHS Noo) =, then [f/(to +1) — f'(to)] < [1F']|oc/2. Thus [f'(to + )| > [1f'l|o0/2
for such t. Applying the above estimate with r = ||f'||oc/2 and [a,b] = {to + ¢ : |t| <

U 1||f’||oo) } it follows that
1l oo

1 . 3
21 e (=) < 1] < 1 le

Now the thesis follows with elementary computations. O

LEMMA 2.4.8. Let B be a d-dimensional Wiener process, a and b be R respectively R%-
valued adapted processes such that, for o = 1/3, we have ||a|q, [|b]la € (N, LP. Moreover, let

Z be defined by
Z(t):Z0+/ ds+Z/ s)dBJ .

Then there exists a universal constant r € (0,1) such that
{1Zllo < &} =< {llafloo <e"}&{Iblloc <"}

PROOF. In the proof, we use the following “exponential martingale inequality” see [T,
Exercise 3.16]. If M is a continuous martingale with quadratic variation (M), then

12
P(sup |[M(t)| >z, (M) <y) <2 2.

t<T
Applying this to the martingale M (¢ ] 1 fo s)dB) = fo s)dBs, whose quadratic
variation is (M), = fo lb(s)||? ds and notlng that ||bHoo < ¢ implies that (M) < Te2, we see
that

29

> &%, [bloc < ) < 2¢737T .

(sup|| / B,
t<T

For ¢ € (0,1), the latter converges exponentially to zero as € | 0. Consequently, we have
proves that

(2. (Wl <2} = {|| [ 4051

for ¢ € (0,1).
We now apply Ité’s formula to Z2, obtaining

t t t
Z(t)? =72 + 2/ Z(s)a(s)ds + 2/ Z(s)b(s) dBs —I—/ b(s)|* ds .
0 0 0
As |ja]joo < e~'/* is almost true by the example above, we see that

21 <&} > {]| [ Z1aas] <)

s < eq}
oo
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Taking equation ([2.6) into account, it follows similarly that

W21 <2} = {|| [ Zppis)as] <)

Now note that for a random variable X we have {|X| < "} =, {|X| < &®} for s < r, since
{IX|<e"|X|>e} Cc{e®<e"} =0 for e € (0,1). We can thus insert the above estimates
for the deterministic and the stochastic integral back into the equation for Z2 and obtain

T T
{1Z]10e < €} = {/ b(s)?ds <4} = {/ ()| ds < % )
0 0
as fOT |b(s)] ds < \/Tf(;f |b(s)|? ds. We now use Lemma We find
T 1y
bl < a( [ o)1 ds) "ol
0

By the above, [|Z]« < ¢ almost implies fOT |b(s)]ds < 1. Moreover it follows from our
assumption that ||b||o < &9 is almost true, for every g € (0,1). Together, this implies that

{I1Zllc0 < e} =< {lIbllc <&}

for any s < {5, say s = {=. By equation (2.6) this almost implies that || [ b(s)dBsl|cc < g1
for ¢ < 1, thus it almost implies that || [ b(s)dBs|ls < e1s. This, in turn, together with the
equation for Z implies that {||Z|| < ¢} almost implies {|| [ a(s)ds|co < €'/*®}. Employing

Lemma [2.4.7| as above, we see that

1
{12l < e} =< {llafoc <™}

Altogether, the claim is proved with » = 1/80. ]
We have now all tools at hand to prove Hormander’s theorem.

PROOF OF THEOREM .45l Fix z with |z| = 1. It follows from (2.4)), using Lemma
as above that )
{z°C(T)x < e} = {{|Zv;llc <7}
Using Equation and Lemma it follows inductively that

{z*C(M)w < e} = () {I1Zvlle <™}
Ve

for suitable 7, > 0. Now observe that Zy(0) = (x,U(zp)). By Hoérmander’s condition,
¥, (xo) = R™ for k large enough. However, if 7;(z) = R™, we can pick V' € ¥]/(x¢) such
that Zy(0) = 1, so that the right-hand-side in the above equation is the empty set. We have
thus proved {z'C(T)x < e} =, (0, which is exactly the thesis. O
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