Matlab Codes for 1D FEM Method

Matlab codes to solve the simple model problem
—u"(z) = f(z), a<z<b, ua)=us u(d)=mu (1)

using the hat functions and assembling the stiffness matrix and the load vector element-by-element.

1 Step 1: Generate the mesh

Suppose that we use the following non-uniform mesh:
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So the total number of nodal points is

and the total number of elements is
N, =Ng—1=6.

Store the coordinates of all nodal points in a vector of length Ny:
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Store the numbers of nodes defining elements in a N, X 2 matrix (a 2D matrix):

Elem =
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Basically, the first entry of the j-th row of the matrix Elem is the number of the left-end node of Element
J; similarly, the second entry of the j-th row of the matrix Elem is the number of the right-end node of the

element.

Remark: Ordering of nodal points matters, but ordering of elements does NOT!



2 Step 2: Calculate local stiffness matrices/load vectors

For each element E;,5 =1,2,---, N, do the following:

(a) Retrieve element information E; = [z, z g, where

r;, = Node(Elem(j, 1)), zr = Node(Elem(j, 2)).

(b) In an element [z, zg], there are two non-zero hat functions (Shape functions). One is
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The Matlab code is the file hatl.m
function y = hatl(x,xL,xR)
% This function evaluates the hat function of the form
v = (xR-x)/(xR-xL);
return
The other one is
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The Matlab code is the file hat2.m
function y = hat2(x,xL,xR)
% This function evaluates the hat function of the form
y = (x-xL)/(xR-xL);
return
(c) Calculate the 2 x 2 local stiffness matrix A):
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where
h=xr—2xL.

(d) Calculate the length-2 local load vector F0).
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Here, we use the Simpson rule to evaluate integrals involved. The Simpson rule is
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Therefore, we have for j = 1,2
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where xj; is the middle point of the element [z, zg|, namely, zp = —
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The Matlab code to evaluate / f(z)¢1(z)dz is the file int_hatl_f.m:
XL

function y = int_hatl_f (xL,xR)

% This function evaluate \int_{xL}"{xR} f(x)*\phi(x) dx,
% where \phi(x) = (x-xL)/(xR-xL), using the Simpson rule.

xM = 0.5%(xL+xR);

y = (xR-xL)/6.0*(f (xL) #*hat1(xL,xL,xR) + 4*f(xM)*hatl(xM,xL,xR)...
+ f(xR)*hat1(xR,xL,xR));

return

TR
The Matlab code to evaluate / f(z)podz is the file int_hat2 f.m:
£33

function y = int_hat2_f(xL,xR)

% This function evaluate \int_{xL}"{xR} f(x)*\phi(x) dx,
% where \phi(x) = (xR-x)/(xR-xL), using the Simpson rule.

xM = 0.5%(xL+xR);

y = (xR-xL)/6.0%(f(xL)*hat2(xL,xL,xR) + 4*f(xM)*hat2(xM,xL,xR)...
+ f(xR)*hat2(xR,xL,xR));

return

Note: All local stiffness matrices are stored in a N x 2 x 2 matrix LA (a 3D matrix), and all local
load vectors are stored in a N, x 2 matrix LF!

3 Assemble global stiffness matrix A and global load vector F
Symbolically, we write
Ne Ne
A:ZA(j)’ F:ZF(j)'
j=1 j=1
How to actually do it:
(a) Initialize A and F:

A
F

zeros(ND, ND);
zeros(ND, 1);

I



(b) For each element E;,j =1,2,---, N, do the following:

(1) Retrieve element information: ny, the nodal number of the left-end point of E; and n g, the nodal
number of the right-end point of E; by

= Elem(j,1), nr = Elem(7, 2).

(2) Add AUX(1,1) to A(ng,nr);
add AU)(1,2) to A(ng,ngr);
add AU)(2,1) to A(ng,nr);
add A(J)(Q, 2) to A(ng,ngr);
add FU)(1) to F(nz); and

add FU)(2) to F(ng).

4 TImpose boundary conditions: u(a) = us, u(b) = w

Before the imposition of the BCs, the system is

a1,1 a1,2 a3 e a1,nN, Uy £y
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The boundary conditions basically require that
Ul = ua; UNd, = Ub,

which can be achieved by modifying the stiffness matrix and the load vector as follows:

1 0 0 cee 0 - U; Ug,
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5 Solve the system AU = F by a direct method

In Matlab, you only need one line to do so (backslash!):

U=A\F;

6 Post-processing: plotting, error analysis, etc

See samples.



7 Main routine

% Program EBE_FEM_POISSON_1D.m
function U = EBE_FEM_P0OISSON_1D(ND,NE,Node,Elem,ua,ub)
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% yA
% Matlab code for 1D FEM for %
% %
% -u’’=f(x), a<=x<=b, u(a)=ua, u(b)=ub %
% %
% Input: ND - Number of total nodal points %
% NE - Number of total elements %
% Node - Nodal points VA
% Elem - Element information %
% ua - Dirichlet BC at x=a %
% ub - Dirichlet BC at x=b %
% Output: U - FEM solution at nodal points %
% %
% Function needed: f(x) %
yA %
% Matlab functions used: %
% %
% hat1(x,xL,xR): hat function in [xL,xR] that is 1 %
% at xL, and 0 at xR. %
yA yA
% hat2(x,xL,xR): hat function in [xL,xR] that is 0O %
% at xL, and 1 at xR. %
% %
% int_hat1_f (xL,xR): Contribution to the load vector %
% from hatl %
% yA
% int_hat2_f(xL,xR): Contribution to the load vector %
% from hat 2 %
% %
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format long;

%Step 2: Calculate local stiffness matrices/load vectors

LA = zeros(NE,2,2); % initialize a 3D matrix "LA"
LF = zeros(NE,2);
for j = 1:NE

xL = Node(Elem(j,1));

xR = Node(Elem(j,2));

h = xR - xL;

LA(j,1,1) = 1.0/h;
LA(j,1,2) =-1.0/h;
LA(j,2,1) ==1.0/h;
LA(§,2,2) = 1.0/h;

LF(j,1) = int_hatl_f(xL,xR);
LF(j,2) int_hat2_f (xL,xR);
end

]



%Step 3: Assemble global stiffness matrix A and global load vector F

A = zeros(ND,ND);

F = zeros(ND,1);

for j = 1:NE
nL = Elem(j,1);
nR = Elem(j,2);
A(nL,nL) = A(nL,nL) + LA(j,1,1);
A(nL,nR) = A(nL,nR) + LA(j,1,2);
A(nR,nL) = A(mR,nL) + LA(j,2,1);
A(nR,nR) = A(nR,nR) + LA(j,2,2);
F(nl) = F(nL) + LF(j,1);
F(nR) = F(nR) + LF(j,2);

end

%Step 4: Impose boundary conditions

for j = 1:ND
A(1,7) = 0.0;
A(ND,j) = 0.0;
end
ACL,D
A(ND,ND)

1.0;
1.0;

I

F(1) = ua;
F(ND) ub;

I

%Step 5: Solve the equation by a direct method
U = A\F;

return

8 Define f(x)
The Matlab code to define f(z) is the file f.m

function y = £ (x)
y = x73;
return

9 Test example

We test the Matlab code with

The exact solution is



First we tested it using the afore-mentioned non-uniform grid and the drive code is driver1 A.m

% Program driverlA.m
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% %
% Driver code for the problem: %
% -u’’ = £(x) 0<x<1 yA
A u(0) =0 %
% u(1) =0 13
% where f(x) = x"3. A
) YA
% In this case, the exact solution is %
% u(x) = -x"5/20+x/20 %
% %
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clear all % clear variables and functions from memory

close all % close figures

format long; % double-precision

%Step 1: Generate the mesh (manually)

ND = 7; % number of total nodes
NE = ND-1; % number of total elements

% Save all node coordinates in the vector "Node"
Node = zeros(ND,1); % initialize "Node"
Node(1) = 0.0;

Node(2) = 0.1;
Node(3) = 0.3;
Node(4) = 0.333;
Node(5) = 0.5;
Node(6) = 0.75;
Node(7) = 1.0;

% Save all element information in the 2D matrix "Elem"
Elem = zeros(NE,2); Y% initialize "Elem"

Elem(1,1) = 1;

Elem(1,2) =
Elem(2,1) =
Elem(2,2) =
Elem(3,1) =
Elem(3,2) =
Elem(4,1) =
Elem(4,2) =
Elem(5,1) =
Elem(5,2) =
Elem(6,1) =
Elem(6,2) =

e e we we
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% Specify Dirichlet boundary conditions:
ua = 0.0;
ub = 0.0;



%#Steps 2-5: FEM analysis (call EBE_FEM_POISSON_1D)

uAppr = zeros(ND,1);
uAppr = EBE_FEM_POISSON_1D(ND,NE,Node,Elem,ua,ub);

it

%Step 6: Post-processing, say, plot the numerical solution

figure(1)

plot (Node, uAppr, ’r-o’, ’LineWidth’, 2);

h_legend=legend (’Numerical solution’,2);
set(h_legend,’FontName’,’Times’, ’FontSize’, 18, ’FontAngle’, ’normal’);
xlabel (’{\s1{x}}’, ’FontName’,’Times’, ’FontSize’, 18);

ylabel (>{\sl{u}}’, ’FontName’,’Times’, ’FontSize’, 18);

hold off

% Step 7: Error analysis (if exact solution is available)

x =0:0.01:1.0; % create vector: x=(0,0.01,0.02,0.03,...... , 1)
K = length(x); %» find length of vector "x"
for i = 1:K
uExact(i) = -x(1)"5/20.0+x(i)/20.0;
end

for j = 1:ND
utmp = -Node(j)"5/20.0+Node(j)/20.0
error (j) = ulppr(j)-utmp;

end

figure(3) | »

plot(Node, uAppr, ’r-.o’, ’LineWidth’, 2);

hold on

plot(x, uExact, ’b-’, ’LineWidth’, 2);

h_legend=legend (’Numerical solution’, ’Exact solution’,2);
set(h_legend,’FontName’,’Times’, ’FontSize’,18, ’FontAngle’,’normal’);
xlabel(’{\s1{x}}’, ’FontName’,’Times’,’FontSize’, 18):
ylabel(’{\sl{u}}’, ’FontName’,’Times’,’FontSize’, 18);

hold off

figure(5)

plot(Node, error, ’r-o’, ’LineWidth’, 2);

xlabel (’{\s1{x}}’, ’FontName’,’Times’,’FontSize’, 18);
ylabel (’{\s1l{Error}}’, ’FontName’,’Times’,’FontSize’, 18);
hold off

Then we tested it using the uniform Cartesian grid with Ny = 7 and Ny = 20, respectively, and the drive
code is similar to driverlA.m. The only change we need is to replace the corresponding segment, of code in
driverlA.m by the following.



%Step 1: Generate the mesh (uniform mesh)

ND
NE

20; % number of total nodes
ND-1; % number of total elements

[

% Save all node coordinates in the vector "Node"
Node = zeros(ND,1); % initialize "Node"
h = 1.0/NE;
for j = 1:ND
Node(j) = (j—1)*h;
end

% Save all element information in the 2D matrix "Elem"
Elem = zeros(NE,2); % initialize "Elem"
for j = 1:NE

Elem(j,1) = j;
Elem(j,2) = j+1;
end
10 Results
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Figure 1: FEM simulation results using the non-uniform grid. (a) Solution plots; (b) Error plot at nodal
points. ‘

Notg, for #his wadel poviom . —ui"=fe), e FEM Solatio
Shonld be exact” at nodal Pe;;«f’;é: 7" oll Wéjgmi?
e evaliafed exaddly, rlowerer, in 5mﬁa Ledes,
y s Rule Fo € p0$00d
W Lise 5%/)50?»@ Rule. o evalvale jﬁL f 43() r

for this Example, }w;xf’ 4o j()()ggeo() ;m? o degree
o, whise infegval eluted by Simpaon® Dujle
T Y Y o Y
con ot e exoct! That i why W $1T[1 e 10
oy’ o nodal points .



008 iz i T . T P e 4

e ! r . ) : v
~~e-- Numerical solution| & ®
. e 4
~——Exact solution 3 “
0.025f T /’/
" /
4
2r /}
4
0.02} /
1r ; \
S
X 0015} s ofF b
_ //
R 3 L
0.01 \ /
o) ;o
A /
0.005 3 J
3 ‘\3 [,v
/ [P 4
o . e . .
o] 0.1 0.2 0.3 0.4 05 0.6 07 0.8 0.8 1 0 0.1 0.2 03 04 05 086 07 0.8 0.9 1

Figure 2: FEM simulation results using the uniform grid with N, = 7. (a) Solution plots; (b) Error plot at
nodal points.
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Figure 3: FEM simulation results using the uniform grid with N, = 20. (a) Solution plots; (b) Error plot at
nodal points.

Noto. For F@am/;zcb)f whi) FeM| solufion OppeNS to be
Dot of nodal 2 ity DN though fo’l fowix
O 4TI evalyaled  bo Sf‘m_p;azm‘é le ?
/\/79 guiess iy Maf, wi«ﬁ z,%w4;ﬁfiw Gyids, fore

s

“ S [
heppens o fave some. YWy cencellafion 7



